
ESTIMATION OF THE SPECTRUM OF STOCHASTIC
PROCESSES

YOSHIMUTSU HIRATA

Many measured processes have time-varying spec-

trum that may be considered constant only for short

intervals. The frequency resolution, �f , of the

FFT analysis is roughly the reciprocal of the time

length, �t, of sample data for analysis, thus,

(1) �f ·�t ⇠= 1.

To achieve the frequency resolution of 0.1(Hz) for

the estimation of the resonance frequency of a build-

ing, for example, the time length of sample data for

the analysis must be not less than 10(s), that may

arise the frequency distortion of measured response

due to long-path echoes[1][2][3].
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Suppose x is a time-varying quantity of the filtered

vibration of a structure that is excited by random

noise. Assuming the band-width, �f , of a bandpass

filter is narrow enough compared with the center

frequency, fn, of the filter, the quantity x is rep-

resented by the amplitude of the sinusoid of fre-

quency fn in the time interval, �t, of short sample

data of the vibration[2]. The probability density of

the random variable x is expressed by the Rayleigh

distribution such that

(2) pn(x) = (x/cn) exp(�x
2
/2cn),

where cn is the average of x
2
/2. Assuming that a is

a constant proportional to the magnitude of input

noise and H(f ) the power spectral response of the

structure, the average power is given by

(3) cn = aH(fn)�f.
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Define Pj be the probability of a random variable

specified by the center frequency fj that takes the

maximum among variables specified by the frequen-

cies f1, f2, · · · , fN , the probability is given by

(4) Pj =

Z 1

0
pj(x)Qj(x)dx,

where

Qj(x) =
Q(x)R

x

0 pj(y)dy

(5)

Q(x) =

Z
x

0
p1(y)dy

Z
x

0
p2(y)dy · · ·

Z
x

0
pN(y)dy.

(6)

Putting

(7) Qij(x) =
Q(x)R

x

0 pi(y)dy
R
x

0 pj(y)dy
,
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the di↵erence of Pj and Pi is

Pj � Pi

(8)

=

Z 1

0
Qij(x)

✓
pj(x)

Z
x

0
pi(y)dy � pi(x)

Z
x

0
pj(y)dy

◆
dx.

Since Qij(x) is an increasing function, applying

the first mean value theorem to the integration of

Eq.(11), it gives

Pj � Pi

(9)

= Qij(r)

Z 1

0

✓
pj(x)

Z
x

0
pi(y)dy � pi(x)

Z
x

0
pj(y)dy

◆
dx

= Qij(r)
cj � ci

cj + ci
,

where r is an arbitrary value (0 < r < 1).

If cj > ci, then Pj > Pi. Thus, the set of proba-

bilities {Pn}(n = 1, 2, · · · , N) corresponds to the
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power spectrum {cn}. In practice, Pn is given

by the ratio of the finite number of random vari-

ables. Through the several months of experiments

for monitoring the change of the resonance fre-

quency of a building that is excited by the natu-

ral force of vibrations such as winds, small ground

motions or both, it was found that the method de-

scribed above achieves the frequency resolution of

0.1(Hz) using short sample data of 1(s) in noise[3].

This implies that �f · �t << 1.
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Estimation�of�the�resonance�frequency�of�a�
structure�using�the�natural�force�of�
vibration

YPTIJNVUTV�Hirata,�SBUPSV�Goto

Summary
The problem of how to detect invisible changes of structure by simple means remains to be solved. The
estimation of the resonance frequency of a structure using its non-stationary vibration which is excited
by the natural force of winds, ground motions or both is one of the possible ideas. The resonance
frequency shift reflects the stiffness change of a structure which might be caused by an earthquake or
structural degradations. The ground motion is excited by vibrations coming from several directions.
These vibrations involve reflections from obstacles or discontinuities under the ground, causing the
interference of vibrations which disturbs the estimation of the resonance frequency of a structure.
The new method proposed in this paper can cope with this problem and give the accurate estimation
of the resonance frequency of a structure. Experimental results suggest that the method is available
for the health-monitoring of several structures.

PACS no. 43.40.Le, 43.60.Bf, 43.60.Cg, 43.60.Wy, 43.60.Ac

1. Introduction

A number of buildings, bridges and towers have
been constructed in past decades. Consequently, there
are many decrepit structures which need to be
reconstructed[1]. The resonance frequency shift re-
flects the stiffness change of a structure, which might
be caused by the structural degradation or damage
due to an earthquake. To measure the resonance fre-
quency of a big structure, it is necessary to vibrate it
using a huge shaker. But it is not practical to shake a
building, for example, before and after an earthquake
to detect the structural change. Regardless of size or
weight, all structures are vibrating due to the nat-
ural force of winds, ground motions or both. Thus,
the estimation of the resonance frequency of a struc-
ture using the natural force of vibration provides the
simple and practical method of health-monitoring for
several structures.

2. A problem needs to be solved

The ground motion is continuously excited by non-
stationary vibrations coming from several directions.
These vibrations involve reflections from obstacles

and discontinuities under the ground, causing the in-
terference of vibrations which disturbs the estimation
of the resonance frequency of a structure.

A well known method for estimating the frequency
response of a system which is excited by a random
noise is to approximate the response by an averaging
of the power spectra obtained by applying the DFT
to sampled data of the output of the system. The
limitation of the DFT spectrum analysis is that of
frequency resolution[2]. The frequency resolution �f
in hertz is roughly the reciprocal of the time interval
�t in seconds over which sampled data is available,
i.e., �f�t ' 1.

The resonance frequencies of many buildings of the
height less than 50 meters lie between 1 Hz and 10 Hz.
Expressing the resonance of a building (the first mode
of vibration) by that of one degree of freedom system
whose stiffness is given by E and mass by M , the res-
onance frequency is given by F = (1/2⇡) (E/M)1/2.
Thus, the frequency shift �F caused by the stiffness
change �E is expressed by �F ' F�E/2E. For ex-
ample, the stiffness change of 10 %, i.e., �E/E = 0.1,
causes the resonance frequency shift such that �F =
0.05(Hz) for F = 1 (Hz), �F = 0.1 (Hz) for F = 2
(Hz), and so on. Thus, to detect the stiffness change
of 10 % by the DFT spectrum, it needs the time inter-
val of sampled data such that �t ' 20 (s) for F = 1
(Hz), �t ' 10 (s) for F = 2 (Hz), and so on.

A waveform composed of a direct and reflected
waveform shows periodic peaks and dips of its fre-
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quency characteristic. Suppose T is a delay, i.e., the
time interval of the direct and reflected waveform.
The frequency interval of the periodic peaks or dips
is given by 1/T . To avoid the influence of the reflec-
tion on the spectrum of the direct waveform, it needs
to set the time interval of sampled data such that
�t < T . Measured results show that disturbing re-
flections under the ground are such that T > 1 (s) in
low frequencies between 1 Hz and 10 Hz. Therefore,
a problem is how to achieve the frequency resolution
of �f = 0.1 (Hz) using short data samples such that
�t = 1 (s) to estimate the resonance frequency of a
structure.

3. A method for the accurate estima-
tion

The dominant frequency (or period) of short sampled
data that gives a least-squared fit of the sampled data
to a sinusoid is given by the non-harmonic Fourier
analysis. The frequency precision of the analysis is
not strongly restricted by the time interval[3].

Let D(fn) be the frequency distribution of the dom-
inant frequencies of a number of short sampled data
which are fractions of the sampled output of a sys-
tem and S(fn) the averaging of DFT spectra obtained
from the same output, where fn’s are frequencies such
that fn � fn�1 = �f . For example, putting �f = 0.1
(Hz), the time interval of sampled data for DFT anal-
ysis is 10 (s), while sample data of 1 (s) are available
for the non-harmonic Fourier analysis. Then, when
the system is excited by a random noise, from the
reference[4], we have D(fn) and S(fn) are related by

D(fi)�D(fj) = KQij
S(fi)� S(fj)

S(fi) + S(fj)
(1)

where K is a constant and 0 < Qij < 1. Thus,

D(fi) > D(fi) for S(fi) > S(fi). (2)

Examples of S(fn) and D(fn) obtained by numeri-
cal experiments are shown in Fig.1 and Fig.2, respec-
tively. The output of a model structure was given by
the convolution of an impulse response and a random
noise or a random noise with reflections. Assumed
times are as follows: (1) The time length of the out-
put is 30 minutes; (2) The time interval of sampled
data for the DFT analysis is 10 seconds and that for
the non-harmonic Fourier analysis 1 second; (3) De-
lay times of reflections are (a) 0 (no reflection), (b) 1.6
and 4.0 seconds, (c) 2.0 and 5.0 seconds. The vertical
axis is given by the relative value of S(fn) or D(fn).
The resonance frequency of the model structure is 4.6
Hz.

When the model structure is excited by a random
noise without reflections, D(fn) is roughly the same as
S(fn). As a corollary, the aim of the frequency distri-
bution of the dominant frequencies is not to fit D(fn)

to S(fn). A point is to give the stable and accurate
estimation of the resonance frequency of a structure
that is excited by the natural force of vibration.

4. The estimation in practice

The numerical experiments show that the influence of
the reflections on the average spectrum S(fn) is large,
causing many peaks and dips. This problem is solved
by the frequency distribution D(fn), see Figs 1 and
2.

Figure 1. The average spectrum S(fn) where the number
of the DFT spectra for averaging is 180 and the assumed
time interval of sampled data 10 sec, applying (A) a ran-
dom noise, (B) and (C) random noise with reflections.

To ascertain the stability and accuracy of D(fn)
concerning the estimation of the resonance frequency
of a real structure using its non-stationary vibration
excited by the natural force of winds, ground motions
or both, measurements of the vibration of a building,
see Fig. 3, were made over a year.

The vibration was measured one hour in each day
and stored in a computer for analysis.The average
spectrum S(fn) and the frequency distribution D(fn)
were obtained from the same set of data. The interval
of sampled data for the DFT analysis is 10 (s), thus
�f = 0.1 (Hz), and that for the non-harmonic Fourier
analysis 1 (s). Thus, the number of DFT spectra for
averaging is 360 and that of dominant frequencies for
frequency distribution 3,600.

Fig.4 and Fig.5 show the time-varying patterns of
S(fn) and that of D(fn), respectively, which were ob-
tained on different days from November, 2011 (bot-
tom) to October, 2012 (top). Similar to the numerical
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Figure 2. The frequency distribution of the dominant fre-
quencies D(fn) where the number of samples for a distri-
bution is 1,800 and the assumed time interval of sampled
data 1 sec, see Fig.1.

Figure 3. Waseda Univ. bldg. No.55. Vibrations were mea-
sured on the 6th floor of the building.

experiments, there are many peaks and dips in the
pattern of S(fn), which makes it difficult to estimate
the resonance frequency.

The estimation based on D(fn) is stable compar-
ing with S(fn). Fig. 5 shows that the resonance fre-
quency of the horizontal vibration of x axis is 4.5 or
4.6 Hz and that of y axis 2.0 or 2.1 Hz. The appar-
ent fluctuation of the resonance frequency is mainly
due to reflections under the ground which vary with
time. This fluctuation decreases with the increase of
the number of samples of the frequency distribution.
To detect the frequency shift caused by the stiffness
change of the building, it takes decades.

The computation time of D(fn) is nearly the same
as S(fn). It is possible to estimate the resonance fre-

Figure 4. Time-varying patterns of S(fn) pertaining the
vibration of x and y axis. Measurements were made from
November, 2011 to October 2012..

Figure 5. Time-varying patterns of D(fn) pertaining the
vibration of x and y axis, see Fig. 4.

quency using D(fn) given by the rectangular wave-
form, i.e., the amplitude of the vibration is expressed
by 1 bit. This implies that D(fn) is not affected by
the non-linearity of a measuring system. The real-time
implementation of the new method affords the tool of
monitoring invisible changes of several structures.
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NON-HARMONIC FOURIER ANALYSIS

YOSHIMUTSU HIRATA

A set of time-varying power spectra of a transient

sound such as a piano tone, for example, is attribute

when it is shown in the illustration of 3D display,

see Fig.1[1].

Date: January, 2019, February 04, 2019, March 11, 2019, April 08, 2019.
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NON-HARMONIC FOURIER ANALYSIS 2

Figure 1. Time-varying spectrum of piano tone. Sample sound

from Sweden Royal Music Academy, CD no. 64

A number of power spectra shown in the figure were

obtained by the non-harmonic Fourier analysis[2].

The time resolution of the spectrum �t is 17 (ms)

and the frequency resolution of �f near the first
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harmonic is 1.5 (Hz), thus�t·�f ⇠= 0.025. In gen-

eral, the computational requirements of the method

of non-harmonic analysis are significantly higher

than FFT processing. It is still important to alle-

viate the computational complexity and minimize

the processing of analysis [3].

Consider a waveformw(t) where t is a time. Obtain

the pair of coe�cients a(f ) and b(f ) that are given

by

(1) a(f ) =
1

S(f )

Z T/2

�T/2
w(t) sin 2⇡ft dt

and

(2) b(f ) =
1

C(f )

Z T/2

�T/2
w(t) cos 2⇡ft dt
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where f is a frequency, T denotes the time length

of the fraction of the waveform, and

S(f ) =

Z T/2

�T/2
sin2 2⇡ft dt(3)

C(f ) =

Z T/2

�T/2
cos2 2⇡ft dt.(4)

Put u(f, t) be the temporal frequency component

of the waveform, i.e.,

(5) u(f, t) = a(f ) sin 2⇡ft + b(f ) cos 2⇡ft.

Subtracting u(f, t) from w(t), get a residual wave-

form

(6) r(f, t) = w(t)� u(f, t).

Since

(7)

Z T/2

�T/2
sin 2⇡ft · cos 2⇡ft dt = 0

the power of a residual waveform, viz., the error

of the approximation of the waveform is expressed

Mikio Tohyama
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by
Z T/2

�T/2
r2(f, t) dt(8)

=

Z T/2

�T/2
w2(t) dt�

Z T/2

�T/2
u2(f, t) dt.

Finally, find a sinusoid that minimizes the error,

giving an actual frequency component si(t; fi), i.e.,

(9) s1(t; f1) = u(f1, t).

Removing s1(t; f1), carry out the same procedure

to get the next frequency component s2(t; f2), and

so on. After n process iterations, the analysis gives

the approximation, such that

(10) w(t) ⇠= s1(t; f1) + s2(t; f2) + · · ·+ sn(t; fn),

where the error of the approximation decreases as

n increases.
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The non-harmonic Fourier analysis reduces to the

harmonic analysis by putting f = k/T where k =

1, 2, · · · , that is the lower limit of the frequency res-

olution of the non-harmonic analysis. To alleviate

the iterate computations, employ FFT for estimat-

ing the dominant frequency of the waveform, then

use the non-harmonic analysis in the neighbor fre-

quencies to find the actual frequency component.

Removing the sinusoid from the waveform, carry

out the same procedure to find the next frequency

component and so on. This minimizes the process-

ing time of the non-harmonic Fourier analysis.
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The�Frequency�Discrimination�of�The�Ear
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Summary
What�mechanism� the� ear� uses� for� the� remarkable� frequency� discrimination� remains� to� be� solved.�

The� ear�detects� the� frequency� change� of� about� 2�Hz� for� a� frequency� of� 1� kHz.�More� than� 50� years�
ago,�Békésy� investigated� the� cochlea� and�he� concluded� that� sound� of� a� specific�f�r equency�produces�
waves� that� flex�t�h e�b�a silar�m�e mbrane�a�t �a �s�p ecific�sp�ot ,�ca�us ing�th�e�ha�ir �ce�ll s�th�er e�to �re�ac t�and�
send� signals� to� the�brain.�The� location�of�hair� cells�would� correspond� to� the� frequency.�But�Békésy�
explanation� is� too� simple� to� unravel� the�mystery� of� the� frequency� discrimination� of� the� ear.� This�
paper� presents� the� theory� of� hearing� that� accounts� for� the� remarkable� frequency� discrimination� of�
the�ear.�For�verification,�t�he�t�ime-frequency�a�nalysis�o�f �s�ound�o�btained�b y�t�he�m�ethod�b�ased�o�n �the�
theory� is�shown.

PACS�no.� 43.66.Ba,� 43.66.Cb,� 43.66.Dc,� 43.66.Fe

1. Introduction

The ear is made up of the three sections: outer, mid-
dle, and inner ears, as they are called. In the middle
ear, the smallest bones in the human body, commonly
called the hammer, anvil, stirrup, form a bridge link-
ing the eardrum with the oval window, the portal to
the inner ear, The job of the middle ear is to trans-
form the acoustical vibration of the sound waves into
mechanical vibration and pass it on to the inner ear,
see Fig.1.

Figure 1. Sketch of the ear.

The linkage of the three little bones of the middle
ear functions as the automatic gain control of incom-
ing forces. Thus, the force exerted on the eardrum is
amplified just enough to set the fluid in the cochlea
in motion. The cochlea is a bundle of three fluid-filled

ducts coiled up in a spiral like the shell of a snail.
Two of the ducts are connected at the apex of the
spiral. When the oval window is set in motion by the
stirrup, it moves in and out, setting up hydraulic pres-
sure waves in the fluid. These waves undulate the walls
separating the ducts.

Along one of these walls, known as the basilar mem-
brane, is the organ of Corti, the true center of healing.
It consists of rows of sensory hair cells, some 7,500 or
more. Each hair cell has conections with other hair
cells. From these hair cells, thirty thousands of nerve
fibers carry information about the frequency and in-
tensity of the sound to the brain, where the sensation
of hearing occurs.

Georg von Békésy discovered that as the hydraulic
pressure waves travel along the ducts in the cochlea,
they reach a peak somewhere along the way and push
on the basilar membrane. Waves generated by high-
frequency sounds push on the membrane near the base
of the cochlea, and waves from low-frequency sounds
push on the membrane near the apex. Thus, Békésy
concluded that sound of a specific frequency produces
waves that flex the basilar membrane at a specific
spot, causing the hair cells there to react and send
signals to the brain. The location of hair cells would
correspond to the frequency and the number of hair
cells triggered would correspond to the intensity.

The organ of Corti converts the movement of the
basilar membrane into electronical impulses and sends
these to the brain. The frequency of nerve impulses is
about 1 kHz to 3 kHz and the signals represented
by impulses are about the same in duration and
strength[1].

Even now, however, scientists are not sure what
mechanism the ear uses to discriminate the frequency
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of sounds. The ear detects the frequency change of
about 2 Hz for a frequency of 1 kHz. This paper
presents theories which explain the model of the band-
pass filter composed of hair cells, the method of con-
verting a filtered signal into bits, and the main topic
of the frequency discrimination.

2. Theory of hearing

2.1. Band-pass filter

The model of the band-pass filter in the cochlea is
composed of three hair cells. The peak frequency of
the response of hair cells excited by the movement of
the basilar membrane corresponds to the location of
hair cells. The curve EA plotted in Fig. 2 shows the
response of the hair cell whose peak frequency is 1,000
Hz, which is approximated by the frequency response
of a single freedom of vibration of the quality Q = 7.

M
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Figure 2. The frequency response of the hair cell approx-

imated by the response of a single freedom of vibration,

EA, and the response of the band-pass filter, V .

Let EB and EC be the responses of hair cells of
which peak frequencies are 800 Hz and 1,250 Hz, re-
spectively, and

V = EA � k (EB + EC) , (1)

then the response of band-pass filter, V , gives V = 0
at the frequencies 820 Hz and 1,220 Hz, where k =
0.125. On the assumption that the band-pass filter is
composed of three hair cells, the number of the filter
is about 2,500 which is approximately equals to the
estimated number of spectra which is given by the
smallest detectable changes in frequency.

2.2. Coding

It is known that the brain does not respond to
mechanical vibrations but only to electro-chemical
changes. Thousands of nerve fibers send information
about the intensity of sound to the brain. Thus, the

organ of Corti must convert the magnitude of the fil-
tered signal into a code of binary bits, namely, im-
pulses.

The smallest detectable change of sound level is 1
dB. The ear can cope with a range of about 130dB
in loudness. Thus, the maximum number of impulses
of a code is about 130. The frequency of nerve pulse
increases with the increase of the strength of excita-
tion. Assuming that the frequency of nerve pulse is 3
kHz, the time length of a code representing the sound
level of 130 dB is 43 ms. Also assuming the frequency
of nerve pulse is 1 kHz, the time length of a code rep-
resenting the sound level of 40 dB is 40 ms. Namely,
from the soft whisper to the roar of a jet plane taking
off, the signals sent by the organ of Corti are about
the same in duration.

The band-pass filter sends the signal of time varying
intensity at intervals of about 40 ms, i.e., the sampling
frequency is about 25 Hz. The level difference near the
apex of the frequency response V from 975 Hz to 1,025
Hz is , as shown in Fig. 2, less than 0.5 dB. Rather
than increasing the sampling frequency, the ear sends
plural signals from the neighbouring band-pass filters.
For example, the time varying intensity of 1,000 Hz
is represented by the sum of the sampled signals from
band-pass filters specified by the center frequency of
1,000 Hz, 1,002 Hz, 1,004Hz and 1,006 Hz, where the
sampling lags are 0 ms, 10 ms, 20 ms, and 30 ms,
respectively. Then, the signal is sent to the brain at
intervals of 10 ms.

2.3. Frequency discrimination

A basic problem for the theory of hearing is to ac-
count for the remarkable frequency discrimination of
the ear[2]. Fig.3 shows the schematic frequency re-
sponses of band-pass filters FP , FA, and FQ. Assum-
ing the patterns of these frequency responses ( log
scale ) are same and fP , fA, and fQ the center fre-
quencies of the filter FP , FA, and FQ, respectively,
where fP fQ =fA

2, the output level, L2, of the filters
FP coincides with that of the filter FQ for the input
signal of the frequency fA, and then the magnitude
of the input signal is given by the output level, L1,
of the filter FA. A small frequency change �f of the
input signal, as shown in Fig.3, causes the difference
D2 which is large compared with the difference D1,
i , e, the change of the output of the filter FA. Thus,
if D2 is larger than 1 dB, the ear can discriminate the
frequency change �f .

Now, consider the values described above using the
frequency response V shown in Fig. 2. The pair of fre-
quencies, fP and fQ, are given by fP = (1.002)�nfA
and fQ = (1.002)nfA in the frequency range from 500
Hz to 2 kHz, where n is an integer and fA is 1 kHz.
Putting D2 = 1 (dB) and �f = 2 (Hz), then n = 103
which gives the pair of frequencies 832 Hz and 1,202
Hz. Similarly, putting D2 = 1 (dB) and �f = 10

3
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Figure 3. Illustration of the frequency responses of band-

pass filters FP , FA and FQ pertaining to the discrimina-

tion of the frequency fA (upper) and fA +�f(lower).

(Hz), then n = 53 which gives the pair of frequen-
cies 900 Hz and 1,110 Hz. The detectable frequency
change �f increases as n decreases.

Our ears focus on a tone played by one instrument
in an orchestra of a hundred. The empirical fact sug-
gests that the precision of frequency discrimination
is selective and, thus, the signals from plural pairs of
band-pass filters, FP and FQ, pertaining to the band-
pass filter FA are sent to the brain where the sensation
of hearing occurs. Signals from about 2,500 band-pass
filters are carried by 30,000 nerve fibers and sent to
the brain. Thus, the brain uses the signals from 12
band-pass filters to identify one spectrum, e.g ., 4 sig-
nals to get the time varying intensity and 4 pairs of
signals to discriminate the frequency.

3. Experiments

Outputs of the thousands of band-pass filters are
represented by the set of the non-harmonic Fourier
spectrum y (fn) where fn is a frequency such that
fn = nf1 where f1 is smaller than the reciprocal of

the time length of sample data, T, for analysis. Since
the smallest detectable change of sound level is 1 dB,
the spectrum y (nf1) is transformed into the discrete
magnitude Y (nf1), i.e., the magnitude in decibel is
expressed by an integer. The pair of frequencies are
expressed byfP = fAnf1 and fQ = fA + nf1. Thus,
for 1/2T < nf1 < 1/ T, if

Y (fAnf1) = Y (fA + nf1) (2)

and

Y (fA) > Y (fAnf1) , (3)

the spectrum of sample data is given by the mag-
nitude Y (fA) and the frequency fA. The center fre-
quencies of band-pass filters in the organ of Corti
are arrayed with constant spaces in log scale from
about 500 Hz to 2 kHz, and the pair of frequencies
are related by fP fQ = fA

2. The center frequencies of
band-pass filters represented by the Fourier spectrum
are arrayed with constant spaces in linear scale, and
fP + fQ = 2fA. These differences are not substan-
tial problems for appreciating the theory of hearing
by experiments.

According to the method of hearing model de-
scribed above, the spectrum of sample data was es-
timated at intervals of 10 ms to get the time-varying
spectrum of sound. In the experiment, the sample of
MIS, the university of Iowa Musical Instrument Sam-
ples, was used to check the spectral estimation[4].
Fig. 4 shows the time-varying spectrum of a tone
(C5) played by a piano in the frequency range less
than 2 kHz, where n = 70 and f1 = 1 (Hz). The
method removes the obscurity of the spectrum that
occurs when analyzing short data by traditional spec-
tral estimation techniques. The accuracy of the fre-
quency discrimination is about 2 Hz for nf1 = 70.
Similarly, the same set of sample data was analyzed
by the non-harmonic Fourier analysis proposed by
the author[3]. The result of the spectral estimation
is shown in Fig. 5. The accuracy of the frequency dis-
crimination is 1 Hz. Compared with the procedure of
the non-harmonic Fourier analysis, the computational
requirement of the hearing model is significantly low,
i .e., the method is suitable for real-time implementa-
tion.

The theory of hearing accounts for the remarkable
frequency discrimination of the ear. The theory men-
tions several numbers such as 7,500 hair cells, 2,500
band-pass filters, 30,000 nerve fibers and so on. These
are key numbers to unravel the mystery of the ear.
The theory suggests that the ear uses principles of
acoustics, mechanics, electronics, and higher mathe-
matics to accomplish the spectral estimation. How did
the ear get all of them?
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Figure 4. The time-varying spectrum of a tone (C5) played

by a piano given by the hearing model..

Figure 5. The time-varying spectrum of a tone (C5) played

by a piano given by the non-harmonic Fourier analysis.
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