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Quantum mechanics in superconducting circuits and nanomechanical
devices

J. ROBERT JOHANSSON

Department of Microtechnology and Nanoscience
Applied Quantum Physics Laboratory
Chalmers University of Technology

ABSTRACT

Progress in micro- and nanofabrication has created a new field in solid-
state physics during the last decade; engineering of quantum mechanical de-
vices. Superconducting electrical circuits and mechanical systems of micro-
and nanometer scales can be designed to exhibit quantum mechanical phe-
nomena, and today, they are routinely manufactured in laboratories around
the world. These devices can be tailored and controlled to a degree which
natural quantum mechanical systems cannot, and this has opened a new
promising path to exploiting quantum mechanics in new applications. For
example, controllable artificial two-level atoms (qubits), based on supercon-
ducting circuits with Josephson junctions, are believed to be strong candi-
dates as qubits for future quantum information processors. Artificial-atom
circuits can also be used in implementations of quantum-optics-like systems
in solid-state devices, and in experiments that explore quantum mechanics
in new systems and regimes.

In this thesis, we present theoretical studies on superconducting qubits
that interact with quantum mechanical defects in their environment, includ-
ing: (1) the contribution of environmental quantum defects to a qubit’s de-
coherence dynamics, (2) a qubit’s response to an external driving field and
its application to the characterization of environmental defects, and (3) a
proposal for using environmental two-level systems as a quantum memory
resource. We also investigate solid-state implementations of two systems
with a history in quantum optics: (i) single-artificial-atom lasing and (ii)
the dynamical Casimir effect. Finally, we present results from studies of
transport in a nanomechanical device, consisting of an electron shuttle be-
tween two electrodes, and an analysis of sideband cooling of nanomechanical
resonators.

Keywords: Quantum mechanics, Quantum optics, Quantum electrodynamics,
Quantum electrical circuits, Superconducting qubits, Nanomechanical devices.
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Chapter 1

Introduction

The history of quantum mechanics dates back over a hundred years [1, 2].
Since the early days of quantum mechanics, it has had tremendous success
as a fundamental physical theory, and it has been applied to explain the
properties and the behavior of a wide range of natural systems; for example
atomic, molecular, and solid-state systems.

In recent years it has become possible to design and manufacture micro-
and nanometer sized man-made devices that behave according to the physical
laws of quantum mechanics. This engineering aspect represents a new era in
quantum physics, where quantum mechanical behavior in artificial systems
can be explored as a resource for both potential practical applications and
in basic-science studies of quantum mechanics.

Quantum information processing [3, 4, 5, 6] and quantum simulators are
the potential applications that receive the most attention. In these sys-
tems, the properties of controllable and measurable quantum systems are ex-
ploited as a computational resource. The potential computing power achiev-
able when harnessing such quantum resources has, for certain computational
problems, been shown to be exponentially larger than that of any ordinary
classical computer. This intriguing possibility is currently a driving force in
the study of man-made quantum mechanical devices, but it is far from the
only promising application of these systems. Another interesting theme is the
use of artificially manufactured devices to implement analogues to quantum
mechanical systems found in nature, and doing so in a highly controllable
and tunable setting that allows new aspects of these systems to be explored
[7]. Many systems from quantum optics, which describes the quantum me-
chanics of light and its interaction with matter, can for example be explored
in this manner.
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2 Chap. 1: Introduction

There is great diversity among the different physical systems with which
researchers around the world actively investigate the engineering of quantum
mechanical systems; ranging from ions in magnetic traps [8], to quantum
optical systems [9], to naturally formed systems in solid-state devices (for
example, NV-centers in diamonds) [10], and to manufactured semi- and su-
perconducting electrical devices [11], and many more. Although there are
substantial similarities among these different physical systems, they each con-
stitute their own subfield of modern physics, and they each have their own
set of advantages and difficulties. This thesis mostly focuses on quantum me-
chanical devices implemented in very small electrical circuits manufactured
with lithographic techniques, and operated at very low temperatures. The
key features that makes these systems particularly interesting are the low
dissipation in superconducting circuits and the nonlinear behavior of weakly
coupled superconductors, i.e., in so-called Josephson junctions.

This thesis is organized as follows: In Chapter 2, a general introduction
to the quantum mechanical description of electrical circuits is given, and a
number of key circuits are analyzed and discussed. This serves as a back-
ground for the remaining part of the thesis. In Chapter 3, a background
on the theory of dissipation in quantum mechanical systems is given. In
Chapter 4, superconducting qubits coupled to quantum two-level defects are
discussed, and the results of Papers I, II and III are presented. Chapter 5
deals with quantum-optics-like systems in solid-state devices, and, in particu-
lar, discusses single-artificial-atom lasing and nonclassical photon production
through diabatic modulation of boundary conditions, and the results of Pa-
pers IV and V are presented. In Chapter 6, two nanomechanical systems are
discussed; namely, electron transport through a mobile shuttle, Paper VI,
and cooling of nanomechanical resonators, Paper VII. Finally, a summary
and acknowledgments are given in Chapters 7 and 8, respectively.



Chapter 2

Quantum mechanical

description of electrical circuits

Electrical circuits can be described by the degrees of freedom related to
its charge distribution. Conventionally, the dynamical variables related to
these degrees of freedom are treated using classical electrodynamics. How-
ever, micro- and nanoscale superconducting circuits can have low enough
dissipation that the discreteness of their energy levels emerge, at very low
(cryogenic) temperatures. Furthermore, nonlinear components of such cir-
cuits can give dynamics where the operator averages do not correspond to
the solutions of the classical equations of motions (correspondence principle),
requiring a fully quantum mechanical description of the degrees of freedom
of the circuit.

A general procedure for deriving quantum mechanical models for elec-
trical circuits was described, e.g., by B. Yurke and J.S. Denker [12], and
M.H. Devoret [13]. The basic idea — similar to the classical description of
electrical circuits — is to decompose the circuit into lumped elements and
identify the node points that correspond to the degrees of freedom of the
circuit. The lumped-element approximation is valid for frequencies corre-
sponding to wavelengths much larger than the size of the elements. Each
node point is associated with a generalized coordinate that can be used, to-
gether with the corresponding generalized momentum, to express the poten-
tial and kinetic energy of that node. For the fundamental circuit elements,
e.g., capacitors, inductors, etc., there are standard expressions for the en-
ergy in terms of generalized coordinates and momenta, which can be used to
write down the Lagrangian of the circuit in a systematic manner. Given the
Lagrangian, the procedure of canonical quantization can be applied, which
results in a quantum mechanical Hamiltonian that describes the circuit.

3



4 Chap. 2: Quantum mechanical description of ...

Charged particles are the fundamental physical quantity in electrical cir-
cuits and since it is their dynamics that define the behavior of a circuit, it is
often natural to use the charge distributions [12] as generalized coordinates.
However, the phase ϕ(t) defined as the time-integral of the electric potential,
V (t),

ϕ(t) =
2e

~

∫ t

dt′V (t′), (2.1)

is complimentary to the charge, and electrical circuits can also be described
using the phase distributions [13] as generalized coordinates. Here, e is the
electron charge and h is Planck’s constant. The phase-field formulation is par-
ticularly useful in circuits containing superconductors and Josephson junc-
tions, since phase defined above corresponds to the gauge-invariant phase
of the superconducting wavefunction, which naturally appears in the phase-
current relation that describes the behavior of Josephson junctions.

2.1 Fundamental circuit elements

In this section the most commonly occurring circuit elements are described
using the magnetic flux Φ as generalized coordinate, and their contribution
to the circuit Lagrangian is given. The flux Φ is related to the phase ϕ
by a constant factor, ϕ = 2πΦ/Φ0, where Φ0 = h/2e is the magnetic flux
quantum.

2.1.1 Capacitance

A capacitance C describes the energy contained in charges accumulated on an
insulating device, in terms of the voltage across the device, e.g., the charge
accumulated on two parallel conducting plates with a potential difference.
The circuit symbol for a capacitor is shown in Fig. 2.1. The charging energy
EC of the capacitor can be expressed in terms of the charge, EC = Q2/2C,

Figure 2.1: The symbol for a capacitive circuit element, with capacitance C.



5

or equivalently, using the flux Φ associated with the phase drop across the
capacitor:

EC =
1

2
CΦ̇2. (2.2)

In the Lagrangian description of a circuit, using the flux as a generalized
coordinate, a capacitive element thus corresponds to a kinetic term of the
form 1

2
CΦ̇2.

2.1.2 Inductance

A device which builds up a magnetic field when a current I pass through it is
called an inductor, and its inductance describes its ability to store energy in
its magnetic field, in terms of the current. The circuit symbol for an inductor

Figure 2.2: The symbol of an inductive circuit element. A typical inductive device is a
coil, which has a magnetic field inside the coil that depends on the current flowing through
it.

is shown in Fig. 2.2, and its current-voltage relation is V (t) = L dI(t)/dt,
or equivalently, in terms of the flux Φ associated with the inductor; Φ(t) =
LI(t). The energy stored in the magnetic field of an inductor with inductance
L is EL = LI2/2, which in terms of the flux is

EL =
1

2L
Φ(t)2. (2.3)

Consequently, the contribution of an inductive element to the circuit La-
grangian is a potential term on the form 1

2L
Φ(t)2.

2.1.3 Mutual inductance

A mutual inductance, represented by the circuit symbol in Fig. 2.3, describes
the interaction between two currents through a common magnetic field. The
stored magnetic energy in terms of the two currents is

EM = MI1I2, (2.4)

and an interaction term of this form enters the Lagrangian for a circuit that
features crosstalk between currents through mutual inductances.
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Figure 2.3: The symbol for a mutual inductance.

2.1.4 Resistance

A resistor is a dissipative circuit element in which electromagnetic energy
is converted to heat, and the resistance R is a measure of the dissipation
that relates the voltage V required to achieve a current I through the de-
vice; V = RI. Resistors are omnipresent in conventional electrical circuits,

Figure 2.4: The symbol for a resistive circuit elements with resistance R.

which therefore are highly dissipative. However, circuits based on supercon-
ductors, which have zero resistivity, can have very low dissipation. From
a quantum mechanical point of view this is crucial, because dissipation in
quantum mechanical systems results in energy relaxation and loss of quan-
tum coherence (i.e., decoherence), and such process cannot be described by
the unitary evolution associated with closed quantum mechanical systems.
For this reason resistors are always undesirable in circuits where quantum
mechanical behavior is pursued.

However, in solid-state devices it is never possible to completely elimi-
nate dissipative elements, such as resistors, and when dissipation cannot be
neglected it is necessary to use more complicated models for open quantum
systems to describe the dynamics of the device. Dissipation in open quantum
mechanical systems, including resistors in electrical circuits, is frequently
modeled using a bath of harmonic oscillators, according to the Caldeira-
Leggett model [14, 15], resulting in equations of motion on the form of master
equations, which are described further in Chapter 3, and in more detail in
e.g. Refs. [16, 17].
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2.2 Josephson junctions

A Josephson junction is a weak link, acting as a tunnel barrier, between two
superconductors. In 1962 B.D. Josephson predicted [18] that a dc current
could flow through such a tunnel barrier, without externally applied electric
fields. This result, called the dc Josephson effect, was surprising because dc
currents in conventional electrical circuits are driven by voltage differences.
However, within a year experimental support for the predictions made by
B.D. Josephson was demonstrated [19].

The Josephson effect is due to the quantum mechanical nature of super-
conductors, whose state can be described by a global wavefunction with a
definite, gauge-invariant, phase. Two superconductors that are separated by
a small barrier can have coupled, i.e., overlapping, wavefunctions that result
in tunneling of electron pairs (Cooper pairs) between the two superconduc-
tors. The rate of tunneling is related to the phase difference ϕ between the
two wavefunctions, and the tunneling results in a dc current that satisfies
the so-called dc Josephson relation

I = IC sin ϕ, (2.5)

where IC is the so-called critical current, which is the maximal current that
the junction can support through this mechanism (see Fig. 2.5).

Another result predicted by B.D. Josephson in his seminal paper from
1962, is that the phase difference across a voltage-biased junction evolves in
time according to

dϕ

dt
=

2π

Φ0

V (t), (2.6)

where V (t) is the voltage across the junction. For a constant voltage, V ,
the phase evolves as ϕ(t) = 2πV t/Φ0, and the current through the junction,

Figure 2.5: A schematic representation of a Josephson junction, consisting of a thin
insulating tunneling barrier that separates two superconducting electrodes. The tunneling
current I through the junction depends on the difference in phase ϕ of the wavefunctions
in the two superconductors, according to the dc Josephson relation, Eq. (2.5).
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I = IC sin(2πV t/Φ0), is oscillating with frequency V/Φ0. Equation (2.6) is
for this reason called the ac Josephson relation.

The energy stored in an ideal Josephson junction can be calculated using
the Josephson relations Eqs. (2.5-2.6),

UJ =

∫

IV dt =
Φ0

2π

∫

I
dϕ

dt
dt = IC

Φ0

2π

∫

sin ϕdϕ = EJ (1 − cos ϕ), (2.7)

where we have introduced the Josephson energy EJ = Φ0IC/2π, which is the
only parameter needed to describe an ideal Josephson junction. However,
it is sometimes convenient to consider a Josephson junction as an inductor,
with an effective inductance LJ that follows from Eqs. (2.5-2.6):

LJ =
V (t)

dI/dt
=

V (t)

IC cos(ϕ)dϕ/dt
=

V (t)

IC cos(ϕ) 2π
Φ0

V (t)

=

(

Φ0

2π

)2
1

EJ cos(ϕ)
. (2.8)

Here, the effective inductance LJ has a nonlinear dependence on V and
I, through the cosϕ factor in the denominator, and a Josephson junction
therefore behaves as a nonlinear inductor. This nonlinearity of Josephson
junctions is unusual among nondissipative circuit elements, and it has been
exploited in many applications (see, e.g., the various superconducting qubit
circuits in Sec. 2.5).

The tunnel barriers required for the Josephson effect to occur can be im-
plemented in physical systems by thin nonconducting oxide layers, typically
a few nanometers thick, separating the two superconductors. Such physical
Josephson junctions, however, are not identical to the ideal Josephson junc-
tions considered above. In addition to their Josephson junction characteris-
tics, they can also have capacitive and resistive properties (see, e.g., Ref. [20]

Figure 2.6: The circuit symbol for a Josephson junction is a diagonal cross, with (a) or
without (b) a surrounding box. The cross inside the box represent the whole junction,
including the junction capacitance CJ , whereas the cross itself represent the nonlinearity
of the ideal Josephson junction.
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Figure 2.7: The potential of a current-biased Josephson junction, often referred to as the
titled-washboard potential, has the form U = −ΦI +EJ [1− cos (2πΦ/Φ0)], where Φ is the
flux related to the phase difference in superconductors on the two sides of the junction.

for a microscopic description). A physical Josephson junction therefore re-
quires an RLC circuit-model description. However, here we will only consider
Josephson junctions with negligible resistivity, leaving us with a model of a
Josephson junction that consist of a capacitance and a nonlinear inductance.
The circuit symbol for a Josephson junction is shown in Fig. 2.6(a), and an
equivalent circuit model in Fig. 2.6(b).

The circuit model of a physical Josephson junction contains both kinetic
and potential degrees of freedom. Considering a constant current bias I,
Kirchhoff’s current law results in an equation of motion that illustrates this
point:

I = IC sin(2πΦ/Φ0) + CJΦ̈, (2.9)

where the dynamical variable Φ is the flux, related to the gauge-invariant
phase difference ϕ over the Josephson junction, ϕ = 2πΦ/Φ0. The equation of
motion in Eq. (2.9) corresponds to a Lagrangian with a kinetic term K(Φ) =
1
2
CΦ̇2, and a potential

U(Φ) = −IΦ + EJ [1 − cos(2πΦ/Φ0)], (2.10)

which is plotted in Fig. 2.7. The Lagrangian for the current-biased Josephson
junction, corresponding to the lumped-element circuit model in Fig. 2.6(b),
is therefore

L =
1

2
CJ

(

Φ̇
)2

− EJ [1 − cos (2πΦ/Φ0)] + IΦ. (2.11)

Small oscillations

For large effective mass, i.e., large capacitance CJ , the dynamics of the system
is confined to one of the wells in the washboard potential, shown in Fig. 2.7,
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and it is sufficient to consider small oscillations within such a well. The
local minimum occur at dU/dΦ = 0, i.e., I/IC = sin (2πΦ/Φ0), or Φm =
2π/Φ0 arcsin(I/I0). Expanding the potential around this point results in

U = U0 +
1

2

(

2π

Φ0

)2

EJ cos

(

2π
Φm

Φ0

)

(Φ − Φm)2 (2.12)

and the frequency of small oscillations (the plasma frequency) is given by

ω2
p = 1

CJ

d2U(Φ)
dΦ2

∣

∣

∣

Φ=Φm

,

ωp = 2π

√

EJ

Φ2
0CJ

cos

(

2π
Φm

Φ0

)

= 2π

√

EJ

Φ2
0CJ

(

1 − (I/IC)2
)1/4

. (2.13)

2.3 Quantization of electrical circuits

From a lumped-element description of an electrical circuit it is straightfor-
ward to write down its corresponding circuit Lagrangian in terms of the
dynamical variables that describe the degrees of freedom of each element in
the circuit. The Lagrangian formulation can then be used to derive classical
equations of motion for the circuit, and it can also be used as starting point
for a fully quantum mechanical description of the circuit.

The Hamiltonian H corresponding to the Lagrangian L, is obtained by a
Legendre transformation

H =
∑

i

∂L

∂q̇i
q̇i − L, (2.14)

where the sum is over the generalized coordinates qi that describes the cir-
cuit. From this point we can proceed to write down a quantum mechanical
description using the so-called canonical quantization procedure [2]. It states
that the two conjugate variables used to write the Hamiltonian satisfies the
canonical commutation relation

[ q̂i, p̂qi
] = i~, (2.15)

where the q̂i’s are the generalized coordinate operators, and the p̂qi
’s are the

corresponding conjugate momentum operators: p̂qi
= ∂L

∂q̇i

. This commuta-
tion relation is the key point in the quantization procedure, from which all
quantum mechanical properties originates.
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Moreover, the equations of motion that describes the dynamics of the
system is given by the Heisenberg’s equation of motion, which for an operator
Ô reads

i~
d

dt
Ô = [Ĥ, Ô], (2.16)

where Ĥ is the system Hamiltonian.

2.3.1 The capacitance-matrix method

Given a set of generalized coordinates {qi}, Lagrangians with kinetic terms
on quadratic form (i.e., quadratic in q̇i) can be written on the matrix form

L =
1

2
q̇T Cq̇ − AT q̇ − U(q), (2.17)

where q = (q1, q2, . . . , qn)T is the state vector, C is the capacitance matrix,
A is a displacement vector, and U(q) is the potential. In this formalism
(see, e.g., [21]) the generalized momentum vector is p = Cq̇ − A, and the
Hamiltonian given by the Legendre transform of Eq. (2.14) becomes

H =
1

2
(p + A)T

(

C−1
)

(p + A) + U(q). (2.18)

The Hamiltonian H corresponding to the circuit Lagrangian L can therefore
be found by a systematic procedure, which essentially reduces to inverting
the capacitance matrix C.

When using the phases as generalized coordinates, it is the capacitive cir-
cuit elements that provide the kinetic terms containing q̇i. Since the circuits
we are interested in have linear capacitances, but possibly nonlinear induc-
tances, it is most convenient to use the phases as generalized coordinates.
This choice of coordinates ensures that the Lagrangian is quadratic in the
kinetic terms, and that the nonlinearities are contained in the potential.

2.4 Superconducting quantum interference de-

vices

A superconducting loop that is interrupted by one or two Josephson junctions
is called a superconducting quantum interference device (SQUID) [22, 23]. A
one-junction loop is called a rf-SQUID, and a two-junction device is called a
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Figure 2.8: A schematic figure (a) and circuit diagram (b) for a superconducting quantum
interference device (SQUID) with two Josephson junctions.

dc-SQUID, shown in Fig. 2.8. SQUIDs are important examples of electrical
circuits that harvest the unique properties of Josephson junctions, and they
have important applications as very sensitive magnetometers, as well in a
wide variety quantum mechanical electrical circuits; primarily because of the
connection between the externally applied magnetic flux through the SQUID
loop and the phases across the junctions.

2.4.1 Flux quantization in superconducting loops

A superconducting loop with loop-inductance L, threaded by an externally
applied magnetic flux Φext, has an induced flux Φind = LI due to a circulating
current I. The induced flux is such that the total magnetic flux through the
loop is quantized, Φext + Φind = nΦ0, where n is an integer and Φ0 = h/2e is
the magnetic flux quantum [22, 23]. For superconducting loops that are in-
terrupted by one or more Josephson junctions the corresponding requirement
results in fluxoid quantization [22],

∮

C

(ΛJs) · dl +

∫

S

B · ds = nΦ0, (2.19)

where Js is the current density, Λ = m∗/nsq
∗2 is the London parameter1,

B is the magnetic field, and the left-hand side is called fluxoid. While the
surface integral of the magnetic field also in this case is equal to the total
magnetic flux through the loop, the line integral of the current now equals
the sum of the phase differences across the Josephson junctions:

Φ0

2π

n
∑

i

ϕi + Φind + Φext = nΦ0. (2.20)

1Here ns is the super-fluid density, and q∗ the charge and m∗ the mass of the super-
conducting electrons, which appear in London’s equation for the supercurrent [22].
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The fluxoid quantization condition reduces the degrees of freedom of the cir-
cuit by one, and the phases ϕi across the Josephson junctions are dynamical
variables that describes the remaining degrees of freedom. The Lagrangian
for a superconducting loop with n junctions and self-inductance L is

L =
n
∑

i

(

1

2
CJ,i(Φ̇i)

2 − EJ,i[1 − cos (2πΦi/Φ0)]

)

− 1

2L
Φ2

ind. (2.21)

The dynamical variables used in this Lagrangian are the magnetic fluxes
Φi = (Φ0/2π)ϕi, related to phases ϕi across the Josephson junctions.

2.4.2 A dc-SQUID as an effective Josephson junction

In the following, we will briefly consider a two-junction SQUID, and in par-
ticular focus on its use as effective junctions with tunable Josephson energy.
Applications of dc-SQUIDs as effective Josephson junctions is widespread in
superconducting circuits, for example to create in-situ tunability of circuit
parameters (see, e.g., the review of qubits in Sec. 2.5), and it will also be an
important component in the system considered in Paper V.

The Lagrangian for a two-junction SQUID is

L =
1

2
CJ,2Φ̇

2
1 +

1

2
CJ,1Φ̇

2
1 + EJ,1 cos Φ1 + EJ,2 cos Φ2 +

1

2

1

L
Φ2

L, (2.22)

where Φ1 and Φ2 are the fluxes related to the phase drops across the two
Josephson junctions, and ΦL is the flux due to the induced circulating current
in the loop. The fluxoid quantization condition requires that −Φ1 + Φ2 +
ΦL + Φext = 0 (or an integer multiple of Φ0). For small SQUID loops the
self-inductance L can often be neglected, thus the induced magnetic flux ΦL

vanish, and the last term in the Lagrangian can be dropped. The fluxoid
constraint, which reduces the degrees of freedom of the circuit, can be used
to eliminate one of the dynamic variables from the circuit Lagrangian, by
introducing the following change of variables:

Φ1 = Φ +
1

2
Φext , Φ2 = Φ − 1

2
Φext. (2.23)

The Lagrangian in terms of the new dynamical variable Φ is

L =
1

2
(CJ,1 + CJ,2)(Φ̇)2 +

1

2
(CJ,1 − CJ,2)Φ̇Φ̇ext +

1

8
(CJ,1 + CJ,2)(Φ̇ext)

2

+ EJ(Φext) cos(2πΦ/Φ0 − ϕ), (2.24)
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where

EJ(Φext) =
√

(EJ,1)2 + (EJ,2)2 + 2EJ,1EJ,2 cos(2πΦext/Φ0), (2.25)

and

ϕ = arctan

(

tan(πΦext/Φ0)
EJ,2 − EJ,1

EJ,2 + EJ,1

)

. (2.26)

If EJ,2 = EJ,1, then ϕ vanishes, or if EJ,2 6= EJ,1 but Φext is time-
independent, then ϕ can be eliminated by a constant phase shift. If also
CJ,1 = CJ,2, then the SQUID Lagrangian reduces to the following form (af-
ter neglecting the Φ̇ext term, which can be done since it commutes with the
system operators),

L =
1

2
C(Φ̇)2 + EJ(Φext) cos(2πΦ/Φ0), (2.27)

where C = CJ,1 + CJ,2. This Lagrangian describes an effective Josephson
junction with a Josephson energy EJ(Φext), that is tunable through the ap-
plied magnetic flux Φext, see Fig. 2.9. However, in general the case, when
Φext is time-dependent and EJ,2 6= EJ,1, we cannot simply neglect ϕ, which
then must be treated as a variable.

Figure 2.9: The effective Josephson energy of a symmetric dc-SQUID as a function of
the applied magnetic flux Φext.

By assuming that the SQUID is only weakly excited, i.e., 2π |Φ/Φ0| ≪
1, we can approximate the SQUID Lagrangian by expanding the cosine to
second order:

L =
1

2
C(Φ̇)2 − 1

2

(

2π

Φ0

)2

EJ(Φext)(Φ)2. (2.28)

This approximation is valid if the characteristic frequency of the SQUID,
Eq. (2.13), is very high compared to other frequencies in the system, which
often is the case in practical applications.
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2.5 Josephson junction qubits

Josephson junctions are important components in many applications of su-
perconducting circuits. Among the most well-studied Josephson-junction
based systems are the various kinds of qubit circuits. Qubits, i.e., quantum
mechanical two-level systems, are fundamental building blocks for quantum
information processing [3], and they are for this reason the subject of intense
ongoing research and development. However, superconducting qubits are
also of central importance as a tool in other of quantum mechanical experi-
ments in electrical circuits, for example in circuit QED [24, 25], single-atom
lasing [26] and cooling [27, 28], the creation of arbitrary quantum states in
resonators [29], and on-chip violation of Bell’s inequality [30]. This section
is devoted to a short review of the basic Josephson-junction based qubits.
More extensive reviews are available in e.g. Refs. [4, 5, 6, 11].

As discussed in the previous section, Josephson junctions, and circuits
that contain them, are naturally described in terms of the phase and charge
degrees of freedom of the junctions. The phase ϕ and charge n are canonical
conjugates, i.e., they satisfy the canonical commutation relation [ϕ, n] = i,
and consequently also the Heisenberg uncertainty relation ∆ϕ∆n ≥ 1. If the
charging energy dominates over the Josephson energy, EC ≫ EJ , then the
junction is said to be in the charge regime, and the number of charges on the
junction is well defined, while the phase drop across the junction fluctuates
strongly. If, on the other hand, the Josephson energy dominates, EC ≪ EJ ,
then the phase drop is well-defined but the number of charges on the junction
has large fluctuations. The junction is then said to be in the phase regime. In
the intermediate regime, where EC ∼ EJ , both charging and phase degrees
of freedom are equally important.

The concept of charge and phase regimes is useful in classifying different
Josephson-junction based qubit circuits (although it is not the only possible
classification method). There are three basic types of superconducting qubits,
where the physical nature of the quantum states are different. These qubits
are called charge qubits, flux qubits and phase qubits. The charge qubit,
which consist of a superconducting island connected to a superconducting
electrode via a Josephson junction, operates in the charging regime, and the
quantum states of the circuit are the discrete number of charges on the island.
The flux qubit is a superconducting loop, interrupted by Josephson junctions,
in which the fluxoid is quantized. It is operated in the phase regime, so
that the phases across the junctions are well defined. The phase qubit is
also operated in the phase regime. It consist of a current-biased Josephson
junction that has quantum states corresponding to different states of the
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phase across its Josephson junction.

There are also other types of qubit circuits that combine the character-
istics of the basic types of qubits described above. Such qubit circuits, e.g.,
the quantronium [31] and the transmon [32] qubits, are circuits optimized to
reduce decoherence-inducing coupling to noise. In the following sections the
physics of the basic charge, flux, and phase qubits will be described.

2.5.1 Charge qubits

The superconducting charge qubit was first investigated by Bouchiat et al.
[33], and quantum coherent dynamics was demonstrated by Nakamura et al.
in 1999 [34] (see also Refs. [35, 36]). The charge qubit was the first in the
family of qubits based on superconducting electrical circuits with Josephson
junctions. A charge qubit consists of a superconducting island (Cooper-pair
box) that is coupled to a superconducting electrode via a Josephson junction,
and capacitively coupled to a bias gate that control the charging energy of
the island, see Fig. 2.10(a). Charge qubits are operated in the so-called
charging regime, where the charging energy EC of the island dominates over
the Josephson energy EJ of the junction, EJ/EC ≪ 1, and the quantum
states corresponds to the number of Cooper-pairs on the island.

Figure 2.10: (a) A schematic representation of a charge qubit. (b) The equivalent circuit
diagram for the device in (a).

Using the procedure described earlier in this chapter, we can write the
Lagrangian for the circuit in Fig. 2.10(b),

L =
1

2
CJ(Φ̇)2 +

1

2
Cg(Φ̇ − Vg)

2 + EJ cos

(

2π
Φ

Φ0

)

, (2.29)

in terms of the flux Φ, which is related to phase ϕ across the Josephson
junction as Φ = Φ0ϕ/2π. The conjugate momentum is p = ∂L

∂Φ̇
= CJΦ̇ +

Cg(Φ̇−Vg), and the Hamiltonian given by the Legendre transformation H =
∂L
∂Φ̇

Φ̇ − L is

H =
1

2CΣ

(p − CgVg)
2 − EJ cos

(

2π
Φ

Φ0

)

, (2.30)
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where CΣ = CJ + Cg. The momentum p is related to the charge on the
Cooper-pair island according to p = 2en, where n is the (integer valued)
number of Cooper-pairs on the superconducting island. Writing the Hamil-
tonian in terms of the charge number operator yields

H =
(2e)2

2CΣ
(n − ng)

2 − EJ cos

(

2π
Φ

Φ0

)

, (2.31)

where ng = CgVg/2e is the charge bias induced by the gate capacitance.
This Hamiltonian can be projected on the charge basis |n〉, which are the
eigenstates of the charge number operator: n̂ |n〉 = n |n〉. Note that due to
the canonical commutation relation between n and ϕ:

e±iϕ |n〉 = |n ± 1〉 . (2.32)

The Hamiltonian in the charge basis is therefore

H =
∑

n

EC (n − ng)
2 |n〉〈n| − 1

2
EJ(|n + 1〉〈n| + |n − 1〉〈n|), (2.33)

where EC = (2e)2/2CΣ. Around the degeneracy point ng = 1/2, where the
energy splitting between |0〉 and |1〉 is of the order of EJ , the higher energy
states are well separated from the two lowest energy states, since EC ≫ EJ ,
and we can therefore truncate the Hilbert space to two levels (|0〉 and |1〉)

H = EC (ng)
2 |0〉 〈0| + EC (1 − ng)

2 |1〉〈1| − 1

2
EJ(|1〉〈0|+ |0〉〈1|). (2.34)

This two-level Hamiltonian can conveniently be written in terms of the Pauli
spin-1/2 matrix representation [6], where |0〉 = (1, 0)T and |1〉 = (0, 1)T , as

H = −1

2
EC(1 − 2ng)σz −

1

2
EJσx. (2.35)

An alternative circuit design for a charge qubit is shown in Fig. 2.11.
Here, the Josephson junction has been replaced with a SQUID loop that
act as a single effective Josephson junction with tunable Josephson energy
EJ = Eeff

J (Φext), as discussed in Sec. 2.4. The Hamiltonian for this charge-
qubit circuit is

H = −1

2
EC(1 − 2ng)σz −

1

2
Eeff

J (Φext)σx, (2.36)

where, as for the SQUID circuit described in Sec. 2.4, the Josephson energy
in Eq. (2.25), which for a symmetric SQUID becomes

EJ(Φext) = EJ

√

2 + 2 cos(2πΦext/Φ0), (2.37)

is a function of the applied magnetic flux Φext. The advantage of this charge-
qubit design is that both the coefficients of σx and σz in the Hamiltonian are
tunable in-situ.
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Figure 2.11: (a) A schematic representation of an alternative charge-qubit design, where
the Josephson junction has been replaced by a SQUID. This design has the advantage
that the effective Josephson energy Eeff

J (Φext) is tunable by varying the externally applied
magnetic flux Φext through the SQUID loop. (b) An equivalent-circuit diagram for the
device in (a).

2.5.2 Flux qubits

A single-junction loop was proposed by Leggett in 1980 (see Ref. [37]) as a
system that could exhibit superposition of macroscopically distinct quantum
states; that is, the clockwise and counterclockwise circulating currents in the
superconducting loop. The potential of a single-junction loop has the form

U = U0

[

1

2L
(2π(Φ − Φext)/Φ0)

2 − βL cos (2πΦ/Φ0)

]

, (2.38)

i.e., it has contributions from the self-inductance L from the loop and the
nonlinear inductance of the Josephson junction2, resulting in a double well
potential for flux bias in the vicinity of half a flux quantum, i.e., Φext ∼ Φ0/2,
see Fig. 2.12. In order to reach the regime where only a few quantum states
are contained in the local minimum of the potential, it is required to have
a relatively large self-inductance of the loop. This necessitates a large loop,
which inherently increases the sensitivity of the loop to environmental flux
noise, and makes the decoherence time of quantum superpositions short.
Nevertheless, in 2000 Friedman et al. [38] successfully carried out an exper-
imental demonstration of quantum superpositions of flux states in a single-
junction loop, by measuring an avoided-level splitting in its energy spectrum.

To be able to reduce the loop size (and therefore the coupling to the envi-
ronment), while still keeping the total inductance large enough, Mooji et al.,
in 1999, theoretically proposed a three-junction flux qubit [39]. The two ad-
ditional junctions provide a sufficient inductance so that the self-inductance

2Here, βL = (2π/Φ0)
2EJ and U0 = (Φ0/2π)2.
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Figure 2.12: The potential of a single-junction superconducting loop, for external flux
bias: (a) Φext < Φ0/2, (b) Φext = Φ0/2, and (c) Φext > Φ0/2. In (a) and (c) the ground
states correspond to the classical clockwise |IL〉 and counterclockwise |IR〉 circulating
current states, respectively. In (b) the |IL〉 and |IR〉 current states are degenerate. This
degeneracy is lifted by macroscopic quantum mechanical tunneling between the two current
states, resulting in ground state and first excited state that are a superpositions states of
|IL〉 and |IR〉: |0〉 ∼ |IL〉 − |IR〉 and |1〉 ∼ |IL〉 + |IR〉.

can be made negligibly small by reducing the size of the loop, resulting in
less sensitivity to magnetic flux fluctuations. The three-junctions loop was
experimentally realized by van der Wal et al. [40] in 2000, where it was
used to demonstrate superposition of macroscopic current states of the loop,
by measuring the avoided-level splitting in energy spectrum of the circuit.
The weaker coupling to the environment in a three-junction loop was taken
advantage of in Ref. [41], where Chiorescu et al. performed time-domain
experiments and observed Rabi oscillations between the two lowest quantum
states.

Figure 2.13 schematically shows the design of a three-junction flux qubit

Figure 2.13: (a) A schematic representation of a three-junction flux qubit. (b) A circuit
model for the device depicted in (a).
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Figure 2.14: The potential U(Φp, Φm) for the three-junction flux qubit as a function of
the transformed coordinates Φp and Φm. The two-dimensional double-well can for certain
parameters have bound quantum states in each well and, at flux bias Φext = Φ0/2, a
ground state that is a superposition of the two degenerate states that are localized to the
two wells, respectively.

(a), together with the corresponding circuit model (b). The circuit contains
three junctions where one of the junctions is slightly smaller than the other
two (by a factor α, which typically is around 0.7). The fluxoid quantization
for the three-junction flux qubit, when neglecting the self-inductance of the
loop, requires that Φ1 + Φ2 + Φ3 = Φext. Using this equation to eliminate
the Φ3 variable and introducing the change of variables Φp = 1

2
(Φ1 +Φ2) and

Φm = 1
2
(Φ1 − Φ2), results in the circuit Lagrangian

L =
P 2

p

2Cp
+

P 2
m

2Cm
− U(Φp, Φm), (2.39)

where the momentum corresponding to the dynamical variables Φp and Φm

are Pp = CJΦ̇m + CJ/αΦ̇ext and Pp = CJΦ̇m, respectively, and where the the
potential is

U(Φp, Φm) = EJ

[

2 + α − 2 cos

(

2π

Φ0

Φp

)

cos

(

2π

Φ0

Φm

)

− α cos

(

2π

Φ0
(Φext − Φp)

)]

.

(2.40)



21

The potential U(Φp, Φm), shown in Fig. 2.14, features a double-well structure
that for suitable parameters can be engineered to contain only a single bound
state in each well. At the flux bias Φext = Φ0/2 the double-well potential is
symmetric and the wavefunctions for the flux configurations in the two wells
are degenerate. The degeneracy is lifted by quantum mechanical tunneling
between the two states, resulting in a ground state that is a superposition of
the wavefunctions that are localized in the two wells.

The two-level Hamiltonian of the three-junction flux qubit can be derived
using a tight-binding model with the quantum states |L〉 and |R〉, which
denote the bound fluxoid states in the left and right well, respectively:

H =

(

〈L|H|L〉 〈L|H|R〉
〈R|H|L〉 〈R|H|R〉

)

=

(

ǫL ∆
∆ ǫR

)

=
ǫL − ǫR

2
σz +

ǫL + ǫR

2
1 + ∆σx

= ǫ(Φext)σz + ∆σx, (2.41)

where ǫ(Φext) = ǫL−ǫR

2
is the energy difference between the states in the two

wells as a function of the external bias flux Φext, and ∆ is the quantum
mechanical tunneling rate at the degeneracy point Φext = Φ0/2.

Following the demonstration of Rabi oscillations [41] by Chiorescu et al.
in 2003, there has been rapid progress in the development of three-junction
flux qubits by a large number of groups. Recent achievements includes spec-
troscopic observations of coupling between flux qubits [42, 43], coupling of
flux qubits and an LC-oscillator [24, 44], demonstration of c-NOT gates with
coupled flux qubits [45], and amplitude spectroscopy by strong driving [46].

2.5.3 Phase qubits

The washboard potential, shown in Fig. 2.7, of a current-biased Josephson
junction has local minima that are approximately cubic, and can therefore
have relatively large anharmonicity. When the circuit parameters are tuned
such that there are only a few bound quantum states in a local minimum, this
anharmonicity allows for the two lowest two quantum states to be isolated,
due to frequency mismatch, from other bound states in the local minimum,
and they can effectively form a quantum two-level system. This kind of
quantum two-level systems are called phase qubits, and they date back to
pioneering experimental work on energy level quantization of macroscopic
degrees of freedom by Martinis et al. [47], in 1985, and macroscopic quantum
tunneling by Clarke et al. [48], in 1988. As a qubit, this system was first
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Figure 2.15: (a) A schematic diagram for a current-biased phase qubit. (b) A circuit
model for the device in (a).

Figure 2.16: (a) The so-called washboard potential of a phase qubit. (b) A magnification
of the left local minimum of the potential in (a). The two energy levels denoted |0〉 and
|1〉 are used as qubit states. The second excited state |2〉 is frequency-decoupled due to
the anharmonicity of the potential.

studied by Martinis et al. [49], in 2002, where Rabi oscillations between the
ground state and first excited state was reported.

A schematic view of the design of a flux-bias phase qubit is shown in
Fig. 2.15 (a), together with a circuit model (b). A Josephson junction can
be current-biased by a direct current source, but in the design in Fig. 2.15
the biasing is achieved through an inductively induced current in the loop.
Figure 2.16 shows the phase-qubit potential for this case of a magnetic-flux-
induced bias current. In order to reach the regime where only a few quantum
states are localized in a minimum of the potential, an induced bias-current
Ib very close to the critical current IC is required.

The Lagrangian of the current-biased phase qubit, with bias current Ib,
is

L =
1

2
CJΦ̇2 − EJ [1 − cos (2πΦ/Φ0)] + IbΦ, (2.42)
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and the circuit potential is

U(Φ) = −EJ cos (2πΦ/Φ0) − IbΦ. (2.43)

The potential can, around the local minimum at Φ = Φm, be approximated
by a cubic form:

U(Φ) ≈ U(Φm) +
dU(Φ)

dΦ

∣

∣

∣

∣

Φ=Φm

(δΦ) +
1

2

d2U(Φ)

dΦ2

∣

∣

∣

∣

Φ=Φm

(δΦ)2

+
1

6

d3U(Φ)

dΦ3

∣

∣

∣

∣

Φ=Φm

(δΦ)3

≈ U0 +
1

2

(

2π

Φ0

)2

EJ

√

1 − (Ib/IC)2(δΦ)2 − 1

6

(

2π

Φ0

)3

EJ
Ib

IC

(δΦ)3,

(2.44)

where Φm satisfies dU(Φm)/dΦ = 0, i.e., sin Φm = Ib/IC, and δΦ = Φ − Φm.
The local minimum is characterized by the plasma frequency, Eq. (2.13),

ωp =
1√

LJCJ

=
2π

Φ0

√

EJ

CJ

(

1 −
(

Ib

IC

)2
)1/4

, (2.45)

and the potential barrier height

∆U(Ib) = U(Φpeak) − U0 =
4
√

2

3
EJ

(

1 − Ib

IC

)3/2

. (2.46)

Only a small number of states is localized in the local minimum if the pa-
rameters are chosen such that barrier height ∆U(Ib) is only slightly larger
than the energy level splitting ~ωp. In this case, the two lowest states form
an isolated two-level system. Truncating the Hilbert space to the two lowest
levels results in the phase qubit Hamiltonian

H = −1

2
ǫ(Ib)σz. (2.47)

By harmonic modulation of the bias-current a term proportional to σx in the
Hamiltonian can be generated (in a rotating-wave frame), and state control
can be achieved through Rabi oscillations [50].

A detailed theory of phase qubits was given in Ref. [51], and a more
recent review in Ref. [52]. Experiments by Simmonds et al. [53], in 2004,
demonstrated coupling between the phase qubits and quantum mechanical
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defects in its environment. Coupling between the phase qubit and environ-
mental defects was further explored by Cooper et al. [54], in 2004, where
they presented an improved, single-shot, readout scheme, and applied it
to time-domain measurements that demonstrated quantum coherent oscil-
lations. These experimental demonstrations of quantum mechanical defects
motivated much of the work presented in Papers I-III. Further experimental
studies of the environmental defects coupled to phase qubits were presented
in [55], which also presented ideas for design improvements that would re-
duce the coupling to these environmental defects. The improved design,
which included a reduction of the junction size and the addition of a shunt-
ing capacitance as well as the use of a new material in the insulating oxides
in the Josephson junction, was implemented and used for quantum state
tomography in Ref. [56, 57].

2.5.4 Recent developments

During the last decade, there has been rapid progress with superconducting
qubits, but a major obstacle that remains is decoherence due to noise and
coupling to the environment. There are two main directions for improving
decoherence times of superconducting qubits: (1) Improving the materials
used in manufacturing the qubits, to reduce the noise level and the number
of defects, and (2) improving the designs of the qubit circuits to make them
less sensitive to noise. The latter has received much attention, and the results
of such efforts include the so-called quantronium [31] and transmon [32, 58,
59, 60] qubits. Both the quantronium and the transmon are qubit circuits
that combine characteristics of the three basic qubit types described above,
to minimize their noise sensitivity.

Following the progress on single-qubit design, measurement, and control,
there have been a large variety of experiments on coupled qubits, and of
qubits coupled to resonators. Static two-qubit coupling has been demon-
strated with charge [61, 62], flux [42] and phase [63, 64] qubits, and there
have been numerous proposals for tunable coupling schemes [65, 66, 67, 68,
69, 70, 71, 72, 73, 74, 75]. Experimental results on tunable coupling have been
demonstrated [43, 76, 77]. Many of the schemes for tunable and switchable
coupling use intermediate couplers, such as an LC-oscillator [65, 78], an addi-
tional qubit [77], a resonator in the form of a dc-SQUID [76], or transmission-
line resonators [79, 80]. Experiments on qubit-resonator systems have also
demonstrated Fock-state generation [81, 82, 29, 83], single-atom lasing [26]
and cooling [27]. Multiple energy levels in a phase qudit have recently been
used to emulate quantum spins [84, 85].
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2.6 Transmission lines

In a lumped-element circuit model, it is assumed that the size of each element
is small compared to the wavelength of the electromagnetic fields in the
circuit (which is valid for low enough frequencies). The spatial dependencies
of the fields within each element can then be neglected. A transmission
line (waveguide), however, is not an element of this kind. It is a device
where an electromagnetic field is guided along a path from one point to
another, and the length of a transmission line could be much longer than
the characteristic wavelength of the field that it contains. Nevertheless, it is
possible to formulate a lumped-element circuit model for a transmission line
by dividing it in infinitesimally small segments [12], as shown in Fig. 2.17. In

Figure 2.17: A schematic representation, and a lumped-element circuit model, of a
(stripline) transmission line.

this picture the transmission line is modeled by a characteristic inductance
L and capacitance C, per unit length. The fields in the transmission line
Φ is approximately constant within each infinitesimal segment (Φn), which
therefore be described as a lumped circuit element.

The Lagrangian of the transmission line modeled by the lumped-element
circuit shown in Fig. 2.17 is

L =
∑

n

(

1

2
∆xC

(

Φ̇n

)2

− 1

2

1

∆xL
(Φn+1 − Φn)2

)

, (2.48)

where Φ = Φ0

2π
ϕ. The corresponding Hamiltonian follows straightforwardly

from the Legendre transformation H =
∑

n
∂L

∂Φ̇n

Φ̇n −L, and taking the limit
∆x → dx results in the continuous-variable Hamiltonian

H =
1

2

∫

x

dx

[

(

Q(x, t)2

C

)2

+
1

L

(

∂Φ(x, t)

∂x

)2
]

, (2.49)

where Q(x, t) = ∂L/∂Φ̇ = CΦ̇(x, t) is the charge field which is the conjugate
momentum of the phase field Φ(x, t).
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A quantum mechanical description of the transmission line follows from
the standard canonical quantization procedure, where the fields are described
by operators satisfying the commutation relations [Φ(x, t), Φ(x′, t)] = 0,
[Q(x, t), Q(x′, t)] = 0, and [Q(x, t), Φ(x′, t)] = i~δ(x − x′). The Heisenberg
equation of motion, Φ̇ = −i~[H, Φ], for the flux operator Φ(x, t), results in
the (massless) Klein-Gordon wave equation

∂2Φ(x, t)

∂t2
− v2∂2Φ(x, t)

∂x2
= 0, (2.50)

where v = 1/
√

LC is the wave-propagation velocity. The general solution
has the form

Φ(x, t) = ΦL
(x

v
+ t
)

+ ΦR
(

−x

v
+ t
)

, (2.51)

where L and R denote left and right propagating waves, along the x-axis,
respectively. The field can be expanded in creation (a†

ω) and annihilation
(aω) operators for excitations of energy ~ω, resulting in

ΦR(x, t) =

√

~Z0

4π

∫ ∞

0

dω√
ω

(

aR
ω e−i(−kωx+ωt) + h.c.

)

, (2.52)

ΦL(x, t) =

√

~Z0

4π

∫ ∞

0

dω√
ω

(

aL
ωe−i(kωx+ωt) + h.c.

)

, (2.53)

respectively, where kω = ω/v. The annihilation and creation operators sat-
isfies the standard commutation relation [aω, a†

ω′ ] = δ(ω − ω′), and in this
formalism the Hamiltonian takes the continuous multimode form [86, 87]:

H =

∫ ∞

−∞

dω

2π
~ω

(

a†
ωaω + 1/2

)

. (2.54)

2.6.1 Transmission-line resonators

The transmission line described in the previous section has a continuum
of modes due to its infinite length. In contrast, transmission lines of finite
length d, develop standing waves with a discrete mode structure [88], as in an
optical cavity. A schematic view of a transmission line terminated to ground
at x = 0 and x = d, is shown in Fig. 2.18. The corresponding boundary
conditions are

ΦR(0, t) + ΦL(0, t) = 0, (2.55)

ΦR(d, t) + ΦL(d, t) = 0, (2.56)
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Figure 2.18: A schematic representation of a (stripline) transmission-line resonator of
length d, together with a lumped-element circuit diagram. The resonator is terminated to
ground at x = 0 and x = d.

which together with Eqs. (2.52-2.53) result in aR
ω = −aL

ω and sin(kωd) = 0.
That is, the resonator has a discrete mode structure with frequencies ωn =
πvn/d, where n = 1, 2, 3, . . . . The fundamental frequency of a resonator
depends on, in addition to its length d, how it is terminated at the ends,
i.e., on the boundary conditions. See Table 2.1 for the fundamental mode
frequencies corresponding to the most common combinations of boundary
conditions.

Boundary condition Φ(x = d, t) = 0 ∂xΦ(x = d, t) = 0
Φ(x = 0, t) = 0 ω0/2 ω0/4
∂xΦ(x = 0, t) = 0 ω0/4 ω0/2

Table 2.1: The frequencies of the fundamental modes of a transmission line of length d,
with different combinations of boundary conditions at its two ends. Here ω0 = 2πv/d is
the frequency corresponding to the wavelength λ = d.

Considering the discrete mode structure of a resonator, the continuous-
mode Hamiltonian in Eq. (2.54) is reduced to that of an infinite set of inde-
pendent harmonic oscillators,

H =

∞
∑

n=1

~ωn

(

a†
ωn

aωn
+ 1/2

)

. (2.57)

In many cases it is sufficient to retain only a single resonator mode in the
Hamiltonian (typically the lowest frequency mode). The Hamiltonian then
takes the form of a harmonic oscillator with frequency ωr,

H = ~ωr

(

a†a + 1/2
)

. (2.58)

Superconducting transmission lines can thus contain electromagnetic fields
with both continuous and discrete mode structure. By appropriate design
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of the electrical circuits, the fields in a transmission lines can be electrically
(e.g., capacitively) coupled to other circuit elements, such as superconducting
qubits and other transmission lines. From this perspective, it is natural to
think of the qubit circuits as artificial atoms that can interact with electro-
magnetic fields, in analogy to the matter-light interaction in quantum optics.
In fact, with qubits as artificial atoms, and quanta of energy in transmission
lines as photons, many systems studied in quantum optics can be imple-
mented in superconducting solid-state devices [25, 24]. This concept will be
discussed further in Chapter 5.



Chapter 3

Dissipation and decoherence

The description of the superconducting electrical circuits given in the pre-
vious chapter, except for the short discussion about resistors in Sec. 2.1.4,
assumed that the circuits were “closed” systems, i.e., entirely isolated from
other systems and not subject to any noise. Real solid-state systems, how-
ever, are “open” systems, where each degree of freedom in a circuit to some
extent interacts with degrees of freedom of its environment. Such interac-
tions are normally irreversible, i.e., dissipative, due to the size and the nature
of most environments.

Dissipation and decoherence is arguably the main challenge in the design
and implementation of quantum mechanical solid-state devices, and it is
likely to remain the limiting factor in the performance also in future devices.
Whether or not the problems with dissipation and decoherence can be over-
come, and really useful quantum mechanical devices can be manufactured,
is still an open question under intense scrutiny.

Irreversible dissipation in open quantum mechanical systems is frequently
modelled, according to the Caldeira-Leggett theory [14, 15], as a bath con-
taining an infinite number of harmonic oscillators. In this model a so-called
master equation is derived, which is an equation of motion for the system, av-
eraged over all the degrees of freedom of the bath. As described in Sec. 2.6,
transmission lines have an infinite number of electromagnetic modes, and
can be therefore be considered as a bath of harmonic oscillators, as in the
Caldeira-Leggett model. This idea was used in Ref. [12] to describe quan-
tum mechanical circuits with resistive components, where the resistors were
modelled as infinite transmission lines with a thermal input field.

The remainder of this chapter describes methods and models for the pro-
cesses involved in energy dissipation and loss of quantum coherence due to

29



30 Chap. 3: Dissipation and decoherence

interaction with an environment, which is also described in great detail in,
e.g., Refs. [15, 16, 17].

3.1 Relaxation and dephasing

Relaxation and dephasing are processes that occur in open quantum mechan-
ical systems. The term decoherence is often used to denote both relaxation
and dephasing. In contrast to closed quantum systems, open quantum sys-
tems are not governed by the Schrödinger equation, and their states cannot,
in general, be described by wavefunctions. Due to the influence of the en-
vironment on an open system, there is, as time pass by, an increasing un-
certainty in the state of the system. Relaxation denote the process in which
the energy of the system is thermalized with the environment, and dephasing
denote the process which describe diffusion of the phases between the eigen-
states. For example, in a quantum two-level system initially in the state
described by the wavefunction

|Ψ〉 =
√

1 − p|0〉 +
√

peiθ|1〉,

relaxation cause p to approach the thermal equilibrium value, p0, and de-
phasing cause the uncertainty in the value of θ to increase. Instead of a
wavefunction, which is a deterministic specification of the state of the sys-
tem, a statistical mixture of different states, with some probability distribu-
tion, must therefore be used to describe the system. This concept is made
concrete with the density matrix formalism.

3.2 The density matrix

A density matrix (see, e.g., Ref. [89]), denoted ρ, represents a statistical
mixture of quantum states. For a system with the set of possible states
{|Ψi〉}, the corresponding density matrix is defined as

ρ =
∑

i

pi|Ψi〉〈Ψi|, (3.1)

where pi is the statistical weight of the ith state (pi > 0 and
∑

i pi = 1).
Pure states are those with pi = 1 and pj = 0, j 6= i. A density matrix can be
interpreted as follows: the diagonal elements, ρii, are the occupation prob-
abilities of the corresponding state, i.e., the ith state, and the off-diagonal
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elements, ρij , encode the amount of coherence between the ith and the jth
state.

Properties of a density matrix ρ:

(1) A density matrix is Hermitian ρ = ρ†.

(2) ρ is positive-semidefinite, and diagonal elements are real and non-
negative ρii ≥ 0.

(3) The trace of a density matrix, Tr(ρ), i.e., the sum over all diagonal
elements, is unity: Tr(ρ) =

∑

i ρii = 1.

(4) The expectation value of an operator Â is 〈Â〉 = Tr(Aρ).

(5) The trace is invariant under circular permutations: Tr(ρAB) =
Tr(BρA) = Tr(ABρ).

The equation of motion for a closed quantum system, i.e., the Schrödinger
equation i~ d

dt
|Ψ〉 = H|Ψ〉, can be used to derive the corresponding equation

of motion for the density matrix, called the von Neumann equation:

i~
d

dt
ρ = i~

d

dt

∑

i

pi|Ψi〉〈Ψi|

=
∑

i

pi

{(

i~
d

dt
|Ψi〉

)

〈Ψi| + |Ψi〉
(

i~
d

dt
〈Ψi|

)}

=
∑

i

pi {(HΨi〉) 〈Ψi| + |Ψi〉 (−〈Ψi|H)}

= H

(

∑

i

pi|Ψi〉〈Ψi|
)

−
(

∑

i

pi|Ψi〉〈Ψi|
)

H

= Hρ − ρH = [H, ρ]. (3.2)

The von Neumann equation applies to closed quantum systems, and it
is equivalent to the Schrödinger equation. The merit of the density matrix
formalism, however, is that it can also be used in equations of motion for
open quantum systems. Such equations are often called master equations.

3.3 Master equations

Master equations are phenomenological equations that in addition to a sys-
tems internal quantum dynamics, also account for relaxation and, or, dephas-
ing processes. Master equations are generally derived by considering a large
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closed quantum system that includes both the system and its environment.
The environmental degrees of freedom are eliminated by tracing them out,
approximating their state as thermal equilibrium unaffected by the dynamics
of the small system. The result is an equation of motion that only describes
the system, at the expense of the dynamics no longer being unitary quantum
evolution. There are two types of commonly used master equations: the
Bloch-Redfield master equation [90, 91], and the Lindblad master-equation
[92].

3.3.1 Derivation of the master equation

We consider a quantum system and its environment that is described by
the global system-environment density operator ρ(t), and the Hamiltonian
H = Hsys + Henv + Hint, where Hsys describes the system, Henv describes the
environment, and Hint describes the weak system-environment interaction.
The global density operator evolves in time according to the von Neumann
equation of motion:

ρ̇(t) = − i

~
[H, ρ(t)]. (3.3)

Since we are considering weak interaction it can be treated perturbatively,
and for that purpose it is convenient to transform to the interaction picture,
i.e.,

HI
int(t) = eiH0tHinte

−iH0t, (3.4)

ρI(t) = eiH0te−iHtρeiHte−iH0t, (3.5)

where H0 = Hsys + Henv, and the interaction-picture density matrix ρI(t) is
governed by the time-evolution equation

ρ̇I(t) = − i

~
[HI

int(t), ρ
I(t)]. (3.6)

This equation can be formally integrated, yielding

ρI(t) = ρI(0) − i

~

∫ t

0

dt′[HI
int(t

′), ρI(t′)]. (3.7)

A standard trick when deriving master equations is to use this formal solution
for ρI(t), Eq. (3.7), and iteratively substitute it back into the right-hand side
of the equation of motion for ρ̇I(t), Eq. (3.6), resulting in the integral equation

ρ̇I(t) = − i

~
[HI

int(t), ρI(0)] +
i2

~2

∫ t

0

dt′[HI
int(t), [H

I
int(t

′), ρI(t
′)]]. (3.8)
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Since we are only interested in the dynamics of the system, we now define
a reduced density matrix ρI

sys = Trenv(ρ
I) where the environmental degrees

of freedom have been traced (averaged) out. Applying the trace over the
environmental degrees of freedom in Eq. (3.8) similarly gives

ρ̇I
sys(t) = − i

~
Trenv([H

I
int(t), ρ

I(0)])

+
i2

~2

∫ t

0

dt′ Trenv

(

[HI
int(t), [H

I
int(t

′), ρI(t′)]]
)

, (3.9)

where the first term on the right-hand side can be made to vanish, by properly
defining the system and the interaction Hamiltonians [90]. Up to this point
the result is exact, but since the right-hand side contains the full system-
environment density operator ρI(t), and the solution at time t depends on
the values at all previous times t′ < t, it is not possible to get any further in
solving for ρI

sys(t) without introducing approximations.

Approximation I: Separable initial state. We assume that at t = 0
there are no correlations between the system and the environment, and the
global density operator can therefore be written as a tensor product ρI(0) =
ρI

sys(0) ⊗ ρI
env(0).

Approximation II: The Born approximation. Furthermore, since
the interaction between the system and the environment is weak, and be-
cause the environment is assumed to be very large compared to the system,
we will assume that (1) the density operator of the environment does not
significantly change due to the interaction with the system (i.e., it is time-
independent in the interaction picture), and that (2) the system and environ-
ment remains separable throughout the time evolution. These two conditions
can be summarized by ρI(t) ≈ ρI

sys(t)⊗ρenv, and are called the Born approx-
imation. The resulting equation of motion for ρI

sys(t) only contains system
operators:

ρ̇I
sys(t) = − 1

~2

∫ t

0

dt′ Trenv

(

[HI
int(t), [H

I
int(t

′), ρI
sys(t

′) ⊗ ρenv]]
)

. (3.10)

Approximation III: The Markovian approximation. The goal of
the Markovian approximation is to eliminate the t′ < t dependence in the
equation of motion for ρI

sys(t). To arrive at this we first assume that the
interaction Hamiltonian is taken to be on the form Hint = Asys ⊗Benv, which
in the interaction picture is HI

int(t) = Asys(t) ⊗ Benv(t), and we can write

ρ̇I
sys(t) = − 1

~2

∫ t

0

dt′ Trenv ([Asys(t) ⊗ Benv(t),

[Asys(t
′) ⊗ Benv(t

′), ρI
sys(t

′) ⊗ ρenv]]
)

. (3.11)
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We now define the two-time average (also called the auto correlation function)

g(t, t′) ≡ 〈Benv(t)Benv(t
′)〉

≡ Trenv [ρenvBenv(t)Benv(t
′)]

= Trenv

[

ρenve
iHenvtBenve

−iHenvteiHenvt′Benve
−iHenvt′

]

= Trenv

[

ρenve
iHenv(t−t′)Benve

−iHenv(t−t′)Benv

]

= Trenv [ρenvBenv(t − t′)Benv(0)] = g(τ), (3.12)

which is a function of τ = t − t′. Expanding the commutators in Eq. (3.11),
and factoring out the auto-correlation functions, result in

ρ̇I
sys(t) = − 1

~2

∫ t

0

dt′ g(t − t′)
{

Asys(t)Asys(t
′)ρI

sys(t
′)−

Asys(t
′)ρI

sys(t
′)Asys(t)

}

− 1

~2

∫ t

0

dt′ g(t′ − t)
{

ρI
sys(t

′)Asys(t
′)Asys(t)−

Asys(t)ρ
I
sys(t

′)Asys(t
′)
}

. (3.13)

At this point we can introduce the Markovian approximation, which states
that the timescale τenv for the decay of correlations in the environment is
much shorter than the timescale τsys for the system dynamics, τenv ≪ τsys.
This assumption guarantees that the auto-correlation function for the envi-
ronment operator, given above, is a sharply peaked around τ = 0, with a
width of the order of τenv. Since the system does not change significantly
on the timescale during which g(t) is non-zero, we can replace ρI

sys(t
′) with

ρI
sys(t) in Eq. (3.13). Thus, if we make the substitution t′ → τ ≡ t − t′,

and extend the integration limit to infinity (which we safely can do since
g(τ) ≈ 0, for τ ≫ 0), we arrive at the Bloch-Redfield master equation in
the interaction picture, and after a transformation back to the Schrödinger
picture we finally arrive at the Bloch-Redfield master equation:

ρsys(t) = − i

~
[Hsys, ρsys(t)]

− 1

~2

∫ ∞

0

dτ g(τ) {Asys(0)Asys(−τ)ρsys(t)−

Asys(−τ)ρsys(t)Asys(0)}

− 1

~2

∫ ∞

0

dτ g(−τ) {ρsys(t)Asys(−τ)Asys(0)−

Asys(0)ρsys(t)Asys(−τ)} . (3.14)
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3.3.2 Bloch-Redfield master equation in the eigenbasis

In the eigenbasis of the system Hamiltonian, the Bloch-Redfield master equa-
tion (see, e.g., Ref. [90]) can be written

ρ̇ab = −iωabρab +
∑

cd

Rabcdρcd, (3.15)

where a, b, c, and d are indices that label the states of the system, ωab =
(Ea − Eb)/~, and Ei is the energy of the ith state. The elements of the
Bloch-Redfield tensor R, are given by

Rabcd = − 1

~2

∫ ∞

0

dτ

{

g(τ)

[

δbd

∑

n

Aan
sysA

nc
syse

iωcnτ − Aac
sysA

db
syse

iωcaτ

]

+ g(−τ)

[

δac

∑

n

Adn
sysA

nb
syse

iωndτ − Aac
sysA

db
syse

iωbdτ

]}

, (3.16)

where Amn
sys = 〈m|Asys |n〉. The auto-correlation function g(τ), Eq. (3.12), is

the Fourier transform of the noise-power spectrum S(ω),

g(τ) =

∫ ∞

−∞

dωS(ω)e−iωτ . (3.17)

In descriptions of physical systems it is necessary to find a realistic model
for S(ω), which is related to the frequency-dependent interaction between
the system and the environment (e.g., noise amplitude). For example, in
electrical systems, a realistic noise model might be the Ohmic spectral density
(S ∝ ω), with a Drude cutoff.

This formalism was used in Paper I, for analytical and numerical investi-
gations of dissipation of quantum two-level systems due to quantum coherent
defects in its environment.

The secular approximation in the Bloch-Redfield formalism

The Bloch-Redfield tensor defined in Eq. (3.16) can often be simplified by
applying the so-called secular approximation. In this approximation, only
terms in the Bloch-Redfield tensor with |ωab − ωcd| ≪ 1/τsys are retained,
i.e., all fast rotating terms in the interaction picture are neglected.



36 Chap. 3: Dissipation and decoherence

3.3.3 Lindblad master equations

The Lindblad [92] master equation is an alternative formalism for describ-
ing Markovian dissipative dynamics. In the Lindblad formalism the master
equation is mathematically constructed to guarantee that the density ma-
trix remains physical (i.e., so that the density-matrix properties discussed in
Sec. 3.2 are satisfied) during the evolution. This approach is in contrast to
the Bloch-Redfield master equation, which is constructed by physical argu-
ments. However, it can be shown that the Bloch-Redfield master equation
under the secular approximation can be written on the Lindblad form.

In its simplest form, the Lindblad equation can be written

d

dt
ρ = − i

~
[H, ρ] + Γ

(

LρL† − 1

2
ρL†L − 1

2
L†Lρ

)

, (3.18)

where H is the Hamiltonian describing the dynamics of the density operator
in the absence of the coupling to the environment, L is the Lindblad operator
that describes the action of the environment, and Γ describes the rate of
the dissipative process. The applicability of the Lindblad master-equation
is similar to that of the Bloch-Redfield master-equation, i.e., it is assumed
that; (1) the system is weakly coupled to the environment, and that (2) the
time scale of internal dynamics and dissipation in the environment is much
shorter than the interaction time scale, resulting in an environment without
memory effects (Markovian approximation).

The Lindblad master-equation is used extensively in the appended pa-
pers, for numerical studies of dissipative quantum dynamics (see Appendix
A, regarding numerical integration of master equations). In the those studies
the Lindblad master equation is often applied to quantum harmonic oscil-
lators (with frequency ω0 and annihilation and creation operators a and a†,
respectively). In this case the Lindblad operator that describe relaxation
(annihilation) is L = a, and excitation (creation) is L = a†:

d

dt
ρ = − i

~
[H, ρ] + γ(N + 1)

(

aρa† − 1

2
ρa†a − 1

2
a†aρ

)

+ γN

(

a†ρa − 1

2
ρaa† − 1

2
aa†ρ

)

, (3.19)

where γ is the relaxation rate and N = (exp(~ω0/kBT ) − 1)−1 is the average
number of excitations, with frequency ω0, in the reservoir at the temperature
T .



Chapter 4

Quantum two-level defects

Experiments on superconducting phase qubits have since the first report [49]
in 2002, produced a series of remarkable results, and the phase qubit has
proven to be a system rich in features and interesting phenomena. This
chapter explores a particular feature of superconducting phase qubits —
namely their coupling to environmental quantum defects — and the results
of Papers I-III are presented.

Spectroscopic measurements of the energy splitting of phase qubits in
Ref. [53] showed avoided-level-crossing structures, and thereby gave the first
indications that phase qubits can experience strong coupling to environmen-
tal defects at certain frequencies. Further evidence of the quantum mechani-
cal properties of such defects was demonstrated in Ref. [54], including obser-
vations of coherent quantum oscillations between the qubit and the defect. It
was concluded [55] that coupling to such defects is an important decoherence
mechanism in phase qubits in particular, and in Josephson-junction qubits
in general. Ref. [56] introduced an improved phase qubit, that use a smaller
junction based on the dielectric material SiNx instead of SiO2, to reduce the
density of decoherence-inducing defects.

In Ref. [93] A. Lupascu et al. presented similar demonstrations of qubit-
defect coupling using a flux qubit. Their detailed investigations of the driven
qubit-defect dynamics, including the observation of two-photon processes,
gave convincing evidence that the environmental defects are quantum two-
level system. The physical nature of the quantum two-level defects observed
in Refs. [53, 54, 93] is still not completely understood, but a plausible theory
[55, 93] is electric-dipole coupled OH defects in the dielectrics used in the
junctions and capacitors in the circuits.

37



38 Chap. 4: Quantum two-level defects

4.1 Decoherence dynamics of qubits coupled

to environmental quantum two-level sys-

tems

Decoherence is one of the major challenges in experiments on superconduct-
ing qubits. Being macroscopic solid-state devices, superconducting qubits
naturally couple to a large number of degrees of freedom in their environ-
ment. The exact nature of the environmental degrees of freedom that are
responsible for the dominant decoherence channels, in the general case, still
remains largely unknown. However, there have been numerous experimen-
tal investigations into the characteristics of decoherence in superconducting
qubits [94, 53, 95, 96, 97, 55, 98, 99, 100], and a comparable amount of the-
oretical activity, including studies on relaxation mechanisms [101, 102, 103]
and 1/f noise produced by background-charge [104, 105] and critical-current
[106] fluctuations.

The results of Refs. [53, 54, 55, 93] gave important insight into the high-
frequency characteristics of the environment of phase qubits. The observa-
tions included resonant features that suggest strong coupling between the
qubit and the objects in the environment. Strong coupling to single environ-
mental defects is significant because it provides a rare possibility to extract
information about the individual defects, and thereby gaining understanding
of the environment as a whole. The results of Refs. [53, 54] also showed
evidence of quantum coherent oscillations between the phase qubit and the
defect, implying that also the environmental defects can be quantum co-
herent systems. Subsequent papers [55, 93], have in more detail explored
the nature of the environmental defects, and presented the conclusion that
the defects can be modeled as quantum two-level systems. The quantum
coherent nature of at least some of the elements in the environment have
important consequences for how this environment must be modeled. In the
standard models of an environment, e.g., the Caldeira-Leggett model [15],
it is assumed that each mode in the environment is weakly coupled to the
system (e.g., the qubit), and that it has characteristic dissipation rates that
are large compared to those of the qubit. The results of Refs. [53, 54] show
that both of these assumptions can be violated for certain components in the
environment of a phase qubit.

In Paper I, we study the decoherence dynamics of a qubit coupled to
a single environmental quantum two-level system, without making any as-
sumptions on the coupling strength and dissipation rates. Both the qubit
and the environmental two-level system are assumed to experience indepen-
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dent weakly coupled environments, in addition to their mutual coupling.
The environments of the qubit and the two-level system induce background
dissipation in the respective system, in terms of which we identify different
dissipation regimes for the qubit.

We consider a fully quantum mechanical model of qubit coupled to an-
other quantum two-level system (TLS). The Hamiltonian of the system is

H = Hq + HTLS + HI + HEnv, (4.1)

where the qubit Hamiltonian, Hq, and the TLS Hamiltonian, HTLS, have the
form

Hα = −∆α

2
σ(α)

x − ǫα

2
σ(α)

z , (4.2)

where α refers to the qubit or the TLS. The interaction Hamiltonian HI has
the form

HI = −λ

2
σ(q)

z ⊗ σ(TLS)
z , (4.3)

and HEnv describes the environment. The energy splittings Eα =
√

∆2
α + ǫ2

α,
and the angles θα = arctan (∆α/ǫα), are the parameters that will be used to
describe the combined qubit-TLS system.

The dynamics of a dissipative quantum system can be analyzed with
the so-called Bloch-Redfield master equation (see Chapter 3), which is a
generalized equation of motion that account for the energy dissipation and
loss of phase coherence, due to the interaction with an environment. We take
a phenomenological approach, and formulate the master equation in terms
of the qubit and TLS relaxation rates (Γ

(α)
1 ) and dephasing rates (Γ

(α)
2 ).

In the weak-coupling regime, analytical results can be derived using per-
turbation theory, with λ as a small parameter. In this regime, we look for
corrections to qubit relaxation and dephasing rates due to the coupling to
the environmental two-level system, and we find the following corrections:

δΓ
(q)
1 ≈ 1

2
λ2 sin2 θq sin2 θTLS

Γ
(TLS)
2 + Γ

(q)
2 − Γ

(q)
1

(

Γ
(TLS)
2 + Γ

(1)
2 − Γ

(q)
1

)2

+ (Eq − ETLS)
2
,

δΓ
(q)
2 ≈ 1

4
λ2 sin2 θq sin2 θTLS

Γ
(TLS)
2 − Γ

(q)
2

(

Γ
(TLS)
2 − Γ

(q)
2

)2

+ (Eq − ETLS)
2
. (4.4)

In the limit of strongly dissipative two-level systems, Γ(TLS) ≫ Γ(q), these
expressions reduce to the previously known results [102].
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Figure 4.1: Relative corrections to qubit relaxation rate as a function of scaled time in the

case of (a) strongly, (b) moderately and (c) weakly-dissipative TLS. The ratio Γ
(TLS)
1 /Γ

(q)
1

is 10 in (a), 1.5 in (b) and 0.1 in (c). The solid, dashed, dotted and dash-dotted lines

correspond to λ/Γ
(q)
1 = 0, 0.3, 0.6 and 0.9, respectively. θq = 3π/16 and θTLS = 2π/8.

In Paper I, the Bloch-Redfield master equation was also solved numer-
ically, and we systematically studied the contribution of the TLS to the
qubit’s decoherence dynamics, in the regimes of both weak and strong cou-
pling, and weak and strong qubit and TLS dissipation. The results for the
weak-coupling regime are summarized in Fig. 4.1 (see also Figs. 1-2, in Pa-
per I), where (a) corresponds to strong TLS dissipation, (b) intermediate
TLS dissipation, and (c) the weak TLS dissipation. In each case, there is
a transient period before the qubit decoherence rate reach a steady expo-
nential decay. The time-scale of the transient is related to the time-scale of
decoherence of the TLS. Thus, for a strongly dissipative two-level system,
a very short transient is followed by a well-defined exponential decay, with
rates consistent with the corrections of Eq. (4.4). For a weakly dissipative
TLS, on the other hand, the transient time-scale is comparable to, or longer
than, the typical life-time of the qubit, so that for all practical purposes
there is no steady exponential decay. The contribution of a single weakly
dissipative TLS to the qubit decoherence rate is therefore of non-Markovian
nature. Numerical studies on the effect of simultaneous coupling to several
TLSs show approximately additive contributions to the qubit decoherence
rates, suggesting that also an environment of coherent TLSs would display
this kind of non-Markovian behavior.
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4.2 Rabi oscillations of qubits coupled to en-

vironmental quantum two-level systems

The details in the dynamics of a qubit strongly coupled to an environmental
defect is a rich source of information about the characteristics of the unknown
defect. In Paper II, we analyzed in detail the dynamics of a harmonically
driven qubit coupled to an environmental quantum two-level system (TLS),
and we identified signatures in the qubit dynamics which can be used to
extract information about the characteristics of the environmental TLS. The
Hamiltonian of the model under consideration is

H(t) = Hq(t) + HTLS + HI + HEnv, (4.5)

where Hq(t) is the time-dependent qubit Hamiltonian, HTLS is the TLS
Hamiltonian, and HI describes the interaction between the two systems. The
environment and its coupling to the combined system is described by HEnv.
The qubit Hamiltonian is given by

Hq = −∆q

2
σ(q)

x − ǫq

2
σ(q)

z + F cos (ωt)
(

sin θfσ
(q)
x + cos θfσ

(q)
z

)

, (4.6)

and the TLS Hamiltonian by

HTLS = −∆TLS

2
σ(TLS)

x − ǫTLS

2
σ(TLS)

z . (4.7)

The interaction Hamiltonian HI is

HI = −λ

2
σ(q)

z ⊗ σ(TLS)
z . (4.8)

Here ∆q and ∆TLS, and ǫq and ǫTLS, are the parameters describing the qubit
and the TLS. The angle θf describes the orientation of the driving field rel-
ative to the qubit σz-axis, and F and ω are the amplitude and frequency of
the driving field, respectively. The qubit-TLS coupling strength is given by
λ. In this context we consider ∆q, ǫq, F and ω to be adjustable control pa-
rameters, while ∆TLS, ǫTLS and λ are inaccessible (and unknown) parameters
of the environmental TLS. Note that the Hamiltonians above are written in
the basis that is defined by having a coupling Hamiltonian on the form of
Eq. (4.8), and the coefficients for the rest of the operators follow from this
choice of basis.

The dynamics of the system was analyzed both analytically, using energy-
level analysis, and by numerical integration of a master-equation. The natu-
ral frequency of the TLS,

√

∆2
TLS + ǫ2

TLS, and qubit-TLS coupling strength,
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Figure 4.2: The energy levels, and the corresponding eigenstates, of the combined qubit-
TLS system. Here, λcc = λ cos θq cos θTLS and λss = λ sin θq sin θTLS, and ϕ = λss/(ETLS−
Eq).

λ, can be deduced from spectroscopic measurements and the frequency of
quantum coherent oscillations [53, 54], respectively. In addition to these pa-
rameters, the Rabi oscillations of the combined systems can provide partial
information on the orientation (θTLS) of the TLS. This orientation is closely
related to the physical nature of the defect.

The energy levels of the combined qubit-TLS system is found by diago-
nalizing the four-by-four matrix representing the Hamiltonian. We assume
that the qubit-TLS coupling strength λ is small compared with the typical
energy-splittings of both the qubit and the TLS, and find the energy lev-
els and eigenstates of the combined system by a perturbative calculation, see
Fig. 4.2. Note that the qubit and the TLS can still be strongly-coupled, when
comparing to the dissipation rates of the qubit and the TLS. Spectroscopic
measurements gives, from the locations of the avoided-level crossings, the
energy-splittings of the environmental TLSs. Tuning the qubit into reso-
nance with a TLS, ωq = ωTLS, maximizes the effective qubit-TLS interaction
strength. In the following analysis, we assume that the qubit and the TLS
are resonant, with frequency ω0. The frequency of the applied driving field
ω is considered a tunable parameter, and we denote the detuning of the
driving field frequency and the natural frequency of the qubit and TLS by
δω = ω − ω0.

Given the energy-level and eigenstate structure of the combined sys-
tem it is possible to analyze the dynamics of the driven system (in the



43

|1,Nñ

|3,N-1ñ

|2,N-1ñ

|4,N-2ñ
δω

δω

λcc

λss

Figure 4.3: Dressed-state picture of the qubit-TLS system, with an explanation of the
physical origin of the energy-splittings.

non-dissipative case), using a dressed-state and rotating frame picture (see
Fig. 4.3). The harmonic driving field induces Rabi oscillations [50] between
two states of the combined qubit-TLS system when the driving frequency
is resonant with energy-splittings between those states, assuming that the
driving field gives a non-zero matrix-element for that transition, and that it
is resonant with only one transition at a time. Sweeping the frequency of the
driving field, and looking at the amplitude of the induced Rabi-oscillations,
results in a feature-rich graph with peaks at the frequencies of the various
energy splittings of the qubit-TLS system. See Figs. 4.4(a)-(c), or Figs. 2(a)-
(d), in Paper II. Analyzing the locations of the peaks in these figures can, for
large enough qubit-TLS coupling, give information about the (presumably
unknown) TLS parameters. In particular, the location of the narrow peak
in Figs. 4.4(a)-(c), which is identified as corresponding to a two-photon pro-
cess, relative to the two broader peaks, depends on the angle θTLS (as well as
θq). If θTLS = 0 the two-photon peak is located in the middle of the broader
peaks.
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Figure 4.4: The maximum qubit occupation probability (within the interval t = 0 and
20π/Ω0), as a function of the frequency of the applied driving field. Here, Ω0 is the on-
resonance Rabi frequency in the absence of qubit-TLS coupling. The coupling strength is
increased from (a) to (c); λ/Ω0 = 0.5 (a), 2 (b), and 5 (c). θq = π/4 and θTLS = π/6
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4.3 Using quantum two-level defects

An interesting consequence of the presence of strongly coupled, quantum
coherent, two-level systems in the environment of phase qubits is that the
defects themselves can be considered as a useful quantum mechanical re-
source. The demonstrations of quantum coherent oscillations, reported in
Refs. [53, 54], show that the characteristic life-time for coherent oscillations
between the qubit and the TLS can be longer than that of the qubit itself
(when it is decoupled from the TLS). Consequently, the decoherence times
of two-level systems in the environment can be comparable to, or even larger
than, the decoherence times of the qubit.

In Paper III, we investigated the use of environmental quantum two-level
systems with long decoherence times as a quantum mechanical resource, and
we showed that a current-biased phase qubit can be used as a data bus to
control the quantum states of the environmental TLSs. Data buses have also
previously been proposed for coupling superconducting qubits, e.g., using an
LC-oscillator [65] or a qubit [78] as data bus. Here, the TLSs satisfy the

Figure 4.5: Protocol for performing single-qubit gate (a) on a TLS, and a two-qubit
i-SWAP gate (b) on two TLSs, using the phase qubit as a data bus. Here, τi = 2π/ωi.

basic requirements for being used as qubits in quantum computation — i.e.,
the ability to (i) initialize, (ii) performing single- and two-qubit gates, and
(iii) reading out the state — when using the phase qubit as a communication
bus. Figure 4.5 show pulse sequences for a single-qubit operation (a) and the
i-SWAP two-qubit operation (b), that are implemented by tuning the phase-
qubit in and out of resonance with the TLSs. Each operation consists of a
sequence of state swaps between the TLSs and the qubit, which are facilitated
by the qubit-TLS interaction. For example, a TLS can be initialized in any
quantum state by first initializing the phase qubit, and then performing a
state swap by tuning the phase qubit into resonance with the TLS, and
wait for a period of time that equals half the oscillation period of the qubit-
TLS interaction. Similarly, single-qubit gates and readout of TLSs can be
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Figure 4.6: The fidelity of the i-SWAP operation between two TLSs, as a function of their
relative frequency separation. The top curve corresponds to no decoherence. The middle
and bottom curves corresponds to moderate and strong qubit decoherence, respectively.
The decoherence of the TLSs have been neglected.

performed by; (i) transferring the state from the TLS to the qubit, (ii)
manipulate the qubit state, (iii) and transferring new qubit state back to
the TLS, or reading out the state of the phase qubit. For two-qubit gates the
same idea is used; (i) the state of the first TLS is transferred to the phase
qubit, (ii) where it is swapped with the second TLS, (iii) after which the state
of the phase qubit can be transferred to the first TLS. During these steps a
phase is accumulated, and the operation can be shown to correspond to the
i-SWAP gate. These pulse sequences are show schematically in Fig. 4.5.

Numerical integration of a master-equation describing the combined qubit-
TLS system was carried out and the fidelity of the i-SWAP gate between two
adjacent TLSs was calculated, as a function of the relative difference in fre-
quency between the two TLSs involved in the gate. See Fig. 4.6 (and Fig. 1
in Paper III). In the numerical simulations the following definition of gate-
fidelity was used

F = min|Ψi〉

[

〈Ψi|U †
idealρfUideal|Ψi〉

]

, (4.9)

where Uideal is the ideal i-SWAP operation, ρf is the numerically obtained
final density matrix, and |Ψi〉 is the initial state. To evaluate the fidelity
as the minimum over all possible initial states, we repeated the calculation
for a large number (900) of representative initial states. We also studied the
dependence of the gate fidelity on the presence of additional closely spaced,
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but non-overlapping, TLSs. Up to four additional non-resonant TLSs were
included in the calculations, and we concluded that their presence did not
significantly reduce the gate fidelity (≈ 95%), presuming that they are suffi-
ciently widely spaced in frequency.

Transfer of complicated quantum states between a phase qubit and an
environmental TLS has been demonstrated [107] in experiments on using a
TLS as quantum memory. This experiment also serves as a proof-of-principle
that a phase qubit could be used as a data bus for performing gates on TLSs.



Chapter 5

Quantum optics in solid-state

devices

Much of the research on creating qubits using Josephson-junction circuits is
driven by the long-term objective to build quantum information processors.
At the same time, there is a growing interest in using Josephson-junction
circuits as artificial atoms and the quantized fields in transmission lines for
studying the fundamental interaction between light and matter (quantum
optics) in solid-state devices.

Natural quantum mechanical systems — such as atoms, ions, molecules,
etc. — have parameters that are determined by nature and, therefore, they
cannot be easily controlled. Man-made artificial atoms, such as those based
on superconducting qubit circuits, on the other hand, can be tailored and
optimized for various purposes in different experiments. Reaching the strong-
coupling regimes (see the definition after Eq. (5.3) below) in atom-atom and
atom-resonator systems is also easier with artificial atoms, because of the
larger dipole moments of macroscopic systems, and the higher electric-field
densities in the effectively one-dimensional transmission lines [7].

Because of the advantages of tunability and controllability in solid-state
devices, there has recently been a lot of theoretical and experimental activ-
ity in this field. Experimental progress includes demonstration of coupling
between artificial atoms and resonators [25, 24], single-artificial-atom lasing
[26], and the generation of arbitrary Fock states in transmission-line res-
onators [82, 29]. However, controllability comes at the price of decreased
decoherence times; solid-state systems naturally couple to many degrees of
freedom of their environment, and they generally have much shorter deco-
herence times than natural atoms. Nevertheless, studying quantum optics

47
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in solid-state devices can be complementary to quantum optics, and it is
sometimes possible to experimentally study quantum-optics problems in new
regimes using superconducting circuits.

In this Chapter two problems with a history in quantum optics will
be studied in the context of superconducting electrical circuits: (1) single-
artificial-atom lasing in Sec. 5.2, and (2) the dynamical Casimir effect in a
coplanar waveguide in Sec. 5.3.

5.1 Circuit quantum electrodynamics

The quantum mechanical description of light, matter, and their mutual in-
teraction is called quantum optics [50, 87]. In addition to the energy-level
quantization of atoms (matter), the states of the electromagnetic field (light)
are also quantized and governed by the laws of quantum mechanics. The
electromagnetic field are described by modes that can contain quanta of
electromagnetic energy (i.e., photons) of a certain energy. The mode struc-
ture of a field depends on the material and the geometry of the region in
space over which the field extend. For example, free space has a continuum
of electromagnetic modes, and photons of any energy can exist. A cavity
formed by two parallel mirrors is the other extreme; it has a discrete mode
structure and can only contain photons with specific energies.

The simplest possible system for studying matter-light interaction is a
two-level atom coupled to a single electromagnetic mode. This system can
be realized by placing a two-level atom inside a cavity [108, 109]; a realiza-
tion that is called cavity quantum electrodynamics (cavity QED). A sim-
ilar system can be realized in a superconducting electrical circuit, using a
Josephson-junction qubit that interacts with an electromagnetic mode in a
transmission-line resonator [25] or an LC-resonator [24]. These systems are
called circuit QED, and they have been very actively investigated since the
first demonstrations in 2004.

The Jaynes-Cummings model

Cavity-QED and circuit-QED systems are described by the so-called Jaynes-
Cummings model, which is a fully quantum mechanical model for a two-level
atom interacting with an electromagnetic cavity field, proposed by E. Jaynes
and F. Cummings [110], in 1963. The Hamiltonian in this model can be
decomposed into parts,

H = Hatom + Hfield + Hint, (5.1)
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where Hatom describes the (artificial) atom, Hfield describes the cavity field,
and Hint the atom-field interaction. The cavity field is modeled as a single-
mode field with frequency ω0, and it is described by the Hamiltonian Hfield =
~ω0a

†a, where a (a†) is the annihilation (creation) operator for photons in
the cavity field. The electrical field in the cavity is taken to be on the form
E = eE0(a+a†) sin(kx), where e is the unit vector describing the polarization
of the field, E0 is the field amplitude, and k the wave vector along the x axis.

The size of the atom is assumed to be small compared to the length
scale over which the electric field changes noticeably, so that the field can be
assumed to be spatially uniform over the extent of the atom. This approxi-
mation (the dipole approximation) allows us to write the (linear) atom-field
interaction on the dipole form Hint = −d̂ · Ê = ~g(σ− + σ+)(a + a†), where
the coupling strength is g = −d · eE0 sin(kx), d is the dipole moment of
the atom, and σ+/− are the creation/annihilation operators for the atom. In
the rotating-wave approximation, the Hamiltonian of the total system can
therefore be written

H =
1

2
~ωaσz + ~ω0a

†a + ~g(σ+a + σ−a†), (5.2)

where ωa is the natural frequency of the atom. Equation (5.2) This is the
famous Jaynes-Cummings Hamiltonian.

Realistic models of atom-cavity system must also consider dissipation in
both the resonator and the atom. This can be done using the master-equation
formalism described in Chapter 3. If we consider an atom with relaxation
rate Γ, and a cavity with relaxation rate κ, we can write a Lindblad master
equation for the Jaynes-Cummings model on the form

dρ

dt
= − i

~
[H, ρ] + Γ

(

σ−ρσ+ − 1

2
σ+σ−ρ − 1

2
ρσ+σ−

)

+ κ

(

aρa† − 1

2
a†aρ − 1

2
ρa†a

)

, (5.3)

where ρ is the density operator describing the combined atom-cavity system.
By comparing the timescales for the coherent oscillations between the atom
and cavity, due to the Jaynes-Cummings interaction, to the timescales of
energy dissipation in the atom and the cavity, we can define a so-called
strong-coupling regime: g > κ, Γ. In order to see the dynamics predicted by
the Jaynes-Cummings model, in experimental systems, it is necessary to be
in this strong-coupling regime.

Experiments on circuit-QED, using superconducting qubits as artificial
atoms and transmission-line resonators [25] and LC-circuits [24], have demon-
strated very good a agreement with the Jaynes-Cummings model in the
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strong-coupling regime. In fact, among the advantages of circuit-QED is
the relative ease at which the strong-coupling regime can be reached, due to
the large effective dipole moments of solid-state based artificial atoms, and
the high electric-field density in the effectively one-dimensional resonators
[7], as discussed above.

Recent experiments on circuit-QED have demonstrated a high level of
control of the artificial-atom-resonator system, including results on arbitrary
Fock-state generation [81, 82, 29]. Single-mode transmission-line resonators
have also been used as a data bus to inter-connect artificial-atoms (qubits)
[80], using the atom-cavity interaction described by the Jaynes-Cummings
model. In another circuit-QED experiment, O. Astafiev et al. [26], demon-
strated so-called single-atom-lasing, which also is the topic of Paper IV, and
is described in detail in the following section.

5.2 Single-artificial-atom lasing

A single-atom-laser is an application of cavity QED. In contrast to usual
lasers, a single-atom laser has a gain medium that consists of a single atom
that is strongly coupled to the cavity mode, see Fig. 5.1. In a laser, pumping
the gain medium into a population-inverted state is required for lasing to
occur. Once population-inversion is achieved, stimulated emission of energy
from the gain medium to the cavity mode creates a lasing state in the cavity,
and the photons that leak out from the cavity form to the output beam of
the laser.

The first realization of a single-atom laser [114] used excited Rydberg
atoms traveling through an optical cavity. While inside the cavity, the
atoms interact with the cavity field, and upon exit the atom has, on aver-
age, a smaller occupation probability of its excited state compared to when
it entered, and it has accordingly pumped energy into the cavity. Another
single-atom-lasing experiment used a gain medium consisting of a single Ce-
sium atom [115], trapped by a magnetic field inside an optical cavity. The
population-inversion in this case was achieved by illuminating the Cesium
atom with an external laser.

Recently single-atom lasing in superconducting electrical circuits was
demonstrated [26, 27]. In Ref. [26] a voltage-biased charge qubit was used
as artificial atom, and a transmission-line resonator was used in place of the
cavity. Solid-state implementations of single-atom lasers benefits from the
advantages of having the artificial atom fixed next to the resonator, and from
easier access to the strong-coupling regime.
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Alongside experimental demonstrations, there have been theoretical in-
vestigations of single-atom-lasing, including semi-classical treatments [116]
of atom-cavity implementations, and proposals and analyzes of solid-state
implementations using a SSET coupled to a resonator [117], and using a
blue-sideband driving [118, 119] of an high-frequency qubit coupled to a low-
frequency resonator.

In Paper IV, we studied single-artificial-atom lasing in a system inspired
by Ref. [26]. We consider an artificial atom coupled to a single cavity mode,
where atomic population inversion is modelled by an incoherent, reversed
relaxation processes. We first study a simple system consisting of a two-level
atom. Although single-atom lasing with a two-level atom is difficult to real-
ize experimentally, because of the lack of a physical process for population
inversion, it is useful to study such a system theoretically, as it gives insight
into the basic mechanisms involved in a single-atom laser. Next, we study
a more realistic model, consisting of a three-level atom with externally im-
posed incoherent transition rates between the atomic states. This model is
motivated by the mechanism for population inversion in Ref. [26], which used
a Josephson-quasi-particle cycle [120, 121] in a charge qubit.

5.2.1 Lasing with a two-level atom

The simplified model based on a two-level atom is described by the Jaynes-
Cummings Hamiltonian, Eq. (5.2), but without the rotating-wave approxi-
mation,

H =
1

2
~ωaσz + ~ωra

†a + ~gσx(a + a†), (5.4)

where ωr is the frequency of the resonator, ωa is the natural frequency of the
artificial atom, and g is the atom-resonator interaction strength. We take
the resonator and the atom to be in resonance, ωr = ωa.

In addition to the quantum-coherent dynamics of the system, due to the
Jaynes-Cummings-like interaction, we also introduce processes that account
for the atomic population inversion and energy dissipation in the resonator.
These processes are modeled by a master equation, Eq. (5.3), with a reversed
atomic relaxation process:

dρ

dt
= − i

~
[H, ρ] + Γ

(

σ+ρσ− − 1

2
σ−σ+ρ − 1

2
ρσ−σ+

)

+ κ

(

aρa† − 1

2
a†aρ − 1

2
ρa†a

)

, (5.5)
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where the incoherent transition rates Γ and κ describe pumping of the atom
from its ground state to its excited state, and relaxation in the resonator,
respectively. See Fig. 5.1 for a schematic view of the system. We analyze
the possible states of the resonator as a function of atom-resonator coupling
strength g, atomic pumping rate Γ and the resonator dissipation rate κ, with
particular focus given to where in parameter space lasing occurs, i.e., when
a lasing state is being built up in the resonator.

In Paper IV, this problem is approached in three different ways: (1)
using numerical integration of the master equation, (2) using rate equations
and detailed balance, and (3) using a semi-classical version of the master
equation.

Solving the master equation Eq. (5.5) numerically gives a full description
of the atom-resonator system as a function of the above-mentioned param-
eters, including the photon-distribution of the resonator, the expectation
values of resonator operators (e.g., n = a†a), etc. The numerical calculations
were performed and the results compared with the analytical results of the
rate-equation analysis and the semi-classical equations.

The rate-equation analysis gives information on the location and the
width of the peak of the resonator’s steady-state photon distribution, in the
Fock-state basis. The resonator experiences two competing processes. First,
there is the photon loss due to the relaxation of the resonator, described
by Γloss(n) = nκ, where κ is the decay rate and n is the average number
of photons. Second, the pumped atom provides a flow of photons into the
resonator, denoted by Γemission(n). In the regime where the atomic pumping
rate Γ is much larger than the frequency of coherent oscillations

√
ng between

the atom and the resonator, i.e., Γ ≫ √
ng, is the photon emission into the

resonator is an incoherent process described by Γemission(n) = 4ng2/Γ.

Figure 5.1: A schematic representation of a two-level atom inside a cavity. The atom
is pumped from its ground state |g〉 to its excited state |e〉, at a rate Γ, by an externally
driven process. The atom interacts quantum coherently with the cavity according to the
Jaynes-Cummings model, and photons leak out from the cavity with a rate κ.
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For large n, where
√

ng is larger than Γ, the emission rate is asymptoti-
cally limited by Γemission(n) → Γ/2. The peak in the steady-state photon dis-
tribution in the resonator, which is given by the n that satisfies Γemission(n) =
Γloss(n), is therefore in the large n limit: nmax = Γ/2κ. This is assuming that
photon emission rate from the atom to the resonator, in the small n limit,
is larger than the resonator dissipation rate, i.e., Γemission(n) > Γloss(n), or
4g2/Γ > κ. This condition must be satisfied for significant build-up of pho-
tons in the resonator to occur: if 4g2/Γ < κ, the peak in the photon distribu-
tion is nmax = 0. The width of the photon distribution in the resonator can
be found by a detailed-balance analysis (see Paper IV for details). The re-
sults show that the photon distribution in the resonator resembles a coherent
state, with width of the order

√
nmax, in the (lasing) regime 4g2/Γ > κ, and

a thermal state in the (thermal) regime 4g2/Γ < κ. We therefore identify

Γκ

4g2
< 1, (5.6)

as the condition for lasing to occur in this single-atom-laser model. In the
thermal regime, where 4g2/Γ < κ and nmax = 0, detailed balance in the
steady-state photon-number distribution, gives Pn+1/Pn = Γem(n)/Γloss(n +
1) ≈ 4g2/Γκ, i.e., it is independent of n, as is the case for the the thermal
distribution. We can therefore identify the resulting photon distribution

with a thermal state with effective temperature Teff = ~ω
kB

[

log
(

Γκ
4g2

)]−1

, and

according to the Boltzmann distribution, the average number of photons is
then

〈n〉 =

(

Γκ

4g2
− 1

)−1

. (5.7)

The results from the rate-equation analysis can be extend to the inter-
mediate n regime by solving a set of semi-classical equations of motion [116],
giving the average photon number

〈n〉 =
Γ

2κ

(

1 − Γκ

4g2

)

, (5.8)

where the lasing condition Γκ
4g2 < 1 is assumed to be satisfied.

The average photon numbers in the thermal regime, Eq. (5.7), and the
lasing regime, Eq. (5.8), are shown in Fig. 5.2, together with the result of the
numerical integration of the master equation. The agreement between the
numerical and analytical results are good deep in the lasing and the thermal
regimes, with significant deviations only at around 4g2

Γκ
= 1.
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Figure 5.2: The average photon number 〈n〉 as a function of the parameter Γκ/(4g2)
(parameters in the caption of Fig. 3, in Paper IV). The solid line is the result of the
numerical integration of the master equation, the dashed is Eq. (5.8), the dotted line is
Eq. (5.7).

In summary, for a single-atom laser based on a two-level atom there are
two regimes; one lasing regime, and one thermal regime where lasing is sup-
pressed. In contrast to usual lasers, which have a threshold that the pumping
rate must exceed before lasing occurs, single-atom laser have a threshold for
the atomic pumping rate above which lasing is suppressed. This threshold is
given by Eq. (5.6).

5.2.2 A simple model for population inversion by a

Josephson-quasi-particle cycle

The solid-state based implementation of a single-artificial-atom lasing demon-
strated in Ref. [26] used a device consisting of a voltage-biased charge qubit
capacitively coupled to a transmission-line resonator, as illustrated in Fig. 5.3.
The artificial atom use here is different from the usual charge qubit because
of the additional drain electrode and its biasing conditions in relation to
the gate and the source electrode. The device is biased so that a so-called
Josephson-quasi-particle (JQP) cycle [120, 121] is established in the device.

The steps in this process are schematically shown in the left part of
Fig. 5.4, and an energy-level diagram describing the states involved in the
JQP cycle is shown in the right part of the same figure. The process can
be explained as follows: The atom-resonator interaction results in quantum
coherent oscillations between the resonator and the atom, that involves a
Cooper-pair that oscillate back and forth across the source-island Josephson
junction, accompanied by the emission and absorption of a resonator pho-
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Figure 5.3: A schematic illustration of a voltage-bias charge qubit, capacitively coupled
to a transmission-line resonator, and coupled to a drain electrode through an additional
Josephson junction.

ton. In the normal operation of a charge qubit, the bias is such that the
breaking of a Cooper pair on the island is energetically unfavorable, due to
the superconducting gap. In the present device, however, the island is in
contact with the additional drain electrode, and biased such that a Cooper
pair can be broken into two unpaired electrons. The unpaired electrons can
then tunnel to the drain as quasi particles, and the island can once more
receive a Cooper-pair from the source electrode, and the process is repeated

Figure 5.4: Left: A schematic illustration of the Josephson-quasi-particle cycle in the
voltage-biased charge qubit coupled to a resonator, depicted in Fig. 5.3. (1) a Cooper
pair tunnels to the island and a photon is emitted into the resonator, (2) a Cooper pair
is broken and an electron tunnels to the drain, (3) the remaining unpaired electron also
tunnels to the drain. Right: Energy-levels for the Josephson-quasi-particle cycle.
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in a cyclic manner.

The JQP cycle described above can be modeled by a three-level system
where the two states corresponding to N + 1 and N Cooper pairs on the
island are denoted |0〉 and |1〉, respectively, and where the state with an
unpaired electron is denoted |2〉. The state transition |0〉 ↔ |1〉 is coupled
quantum coherently to the resonator. The incoherent processes |0〉 → |2〉,
i.e., the breaking of a Cooper pair and tunneling of an electron to the drain,
and |2〉 → |1〉, i.e., the tunneling of the remaining unpaired electron to the
drain, are described by the transition rates Γ1 and Γ2, respectively.

5.2.3 Lasing with a three-level atom

Based on the effective three-level model for the JQP cycle, presented in
the previous section, we now proceed to extend the results on single-atom
lasing with a two-level atom. Here we consider a three-level atom where the

Figure 5.5: A schematic representation of a three-level atom inside a cavity. The atom
is pumped from its ground state |0〉 to its excited state |1〉 through a cycle that goes
through the third state |2〉. The resonator interacts quantum coherently with the |0〉 ↔ |1〉
transition of the atom through a dipole interaction of strength g, and photons leak out
from the cavity with a rate κ.

transition between two of the states are quantum coherently coupled to the
resonator, according to the Jaynes-Cummings model without the rotating-
wave approximation,

H =
~ωa

2
(cos θσz + sin θσx) + ~ω0a

†a + g0σz

(

a + a†
)

, (5.9)

where θ is the angle describing the orientation of the two-level subspace of
the atom. The third state enters into the dynamics only by the incoherent
pumping processes that are responsible for the population inversion. See
Fig. 5.5 for a schematic illustration of the system.

The system is again analyzed with the three approaches of rate equations,
semi-classical equations of motion, and numerical integration of a master
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Figure 5.6: The average photon number in the resonator 〈n〉 as a function of the param-
eter Γ1κ/(4g2) (for values of the system parameters, see Fig. 6 in Paper IV). The top pair
of curves are for Γ2/Γ1 = 10, and the bottom for Γ2/Γ1 = 1.

equation. We find similar results compared with the two-level-atom model,
but with a slightly modified threshold condition,

Γ1κ

4g2
>

cos θ

cos2 θ +
(

1
2

+ Γ1

4Γ2

)

sin2 θ
, (5.10)

as well as modified expressions for the average number of photons in the
lasing regime

〈n〉 =
Γ1

2κ

[

1

1 + Γ1

2Γ2

cos θ −
(

1 +
1 − Γ1

2Γ2

1 + Γ1

2Γ2

cos2 θ

)

Γ2
1κ

8g2

]

. (5.11)

and the thermal regime,

〈n〉 =





Γ1κ

4g2

cos2 θ +
(

1
2

+ Γ1

4Γ2

)

sin2 θ

cos θ
− 1





−1

. (5.12)

Although these expression are more complicated than the correspond-
ing results for the two-level-atom model, they contain essentially the same
physics, i.e., a lasing regime and a suppressed-lasing regime (described by an
effective thermal photon distribution), whose separation is given by a thresh-
old condition that is a function of the atomic pumping rates. The numerical
and the analytical results for the average number of photons in the resonator,
as a function of the atomic pumping rates, are shown in Fig. 5.6.
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5.3 The dynamical Casimir effect

A unique property of quantum mechanical fields, compared to classical fields,
is their inherent uncertainty according to Heisenberg’s uncertainty principle.
This uncertainty has particularly interesting consequences for the ground
state of a field; the so-called vacuum state [122]. Vacuum is usually associated
with complete emptiness, but according to quantum mechanics is also the
vacuum field subject to uncertainty (fluctuations). So although a field in
the vacuum state is zero on average, it could at any point in time be non-
vanishing due to fluctuations. Quantum mechanical vacuum is therefore not
completely empty. The zero-point fluctuations of vacuum rarely have any
observable effects on physical systems, but there are a few notable exceptions,
for example the Casimir effects.

The static Casimir effect (or the Casimir force) was predicted by the
Dutch physicist H.B.G. Casimir [123], in 1948. It denotes the attractive
force between two parallel conductors in quantum mechanical vacuum [124,
125, 126]. The parallel conducting plates form a cavity that has a different
mode structure than the free space on either side of the cavity. The result of
the vacuum fluctuations in these “empty” electromagnetical modes, is a net
force on the plates that pushing them towards each other, i.e., an effective at-
tractive force between the plates due to “radiation pressure” by vacuum-field
fluctuations. A schematic illustration of the static Casimir force is shown in
Fig. 5.7. The experimental verification of the Casimir force was pioneered by
Sparnaay et al. [127], in 1958, where measurements of the Casimir force be-
tween two parallel plates were attempted. However, early experiments failed

Figure 5.7: A schematic illustration of a setup where the static Casimir occurs. Two
parallel conducting plates (e.g., two mirrors) forming a cavity is attracted to each other
with a force called the Casimir force, even if the plates are not charged.
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to yield conclusive results, and it took until the experiments by P.H.G.M. van
Blokland et al. [128], in 1978, before clearer experimental data were demon-
strated. The experiments of Ref. [128] used a plate-sphere configuration that
has important experimental advantages over the plate-plate configuration.
Recent high-precision measurements experiments by S.K. Lamoreaux [129],
in 1997, and U. Mohideen et al. [130], in 1998, demonstrated conclusive
verification of the Casimir force using the sphere-plate configuration.

The dynamical Casimir effect [131, 132] is a related phenomenon that
can occur in quantum mechanical fields with time-dependent boundary con-
ditions. A boundary condition for a quantum mechanical field, e.g., due to
the presence of a mirror, imposes restriction not only on the field itself, but
also on the vacuum fluctuations in the field. A time-dependent boundary
condition, e.g., as imposed by a moving mirror, can therefore due to its in-
terplay with the vacuum fluctuations create excitations in the field. This
process is the dynamical Casimir effect, and it can be interpreted as genera-
tion of real photons by up-conversion of vacuum fluctuations in the photon
field, by suppling energy from the moving mirror. The mirror then experi-
ence a damping force, due to the friction the vacuum fluctuations exert on
the moving mirror, that can be considered a dynamical counterpart to the
static Casimir force [133]. The dynamical Casimir effect was first discussed

Figure 5.8: A schematic illustration of the dynamical Casimir effect. The system consist
of a mirror in a quantum mechanical vacuum field. The mirror’s position oscillates in time,
i.e., it experiences a periodic nonuniform acceleration. The motion of the mirror and its
interplay with the vacuum fluctuations results in photon production and radiation from
the mirror.
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by G.T. Moore [131], in 1970, in the context of a cavity formed by two mirrors
at variable distance from each other. In 1976, S.A. Fulling et al. [132], con-
sidered photon production by a single mirror moving in free space. Further
theoretical investigations was given in, e.g., Ref. [134], which considered the
build-up of photons in a cavity, and in Ref. [135], where a vibrating cavity
was considered.

Although experimental verification of the dynamical Casimir effect has
been actively pursued for many years there has not yet been any successful
experiments [136]. Traditionally, the realm of quantum electrodynamics has
been quantum optics, where fundamental boundary conditions are imple-
mented by mirrors and where time-dependent boundary conditions therefore
corresponds to physical motion of massive mirrors. For a single oscillating
mirror in free space, with amplitude a and frequency Ω, the photon produc-
tion rate [135] is

N =
Ω

6π

(v

c

)2

, (5.13)

where v = 2Ωa is the maximal velocity. For non-negligible photon produc-
tion rate, it is therefore necessary for v to reach near-relativistic velocities.
This requirement makes experimental implementation using massive mirrors
a daunting task. Alternative strategies for fast modulation of boundary con-
ditions are being actively investigated, for example, changing the properties
of reflective dielectric materials [137, 138] or the resonance frequency of a
strip-line resonator [139] by laser illumination, and using cavities made of
high-frequency micromechanical resonators [140], but so-far no successful ex-
periments have been reported.

5.3.1 The dynamical Casimir effect in a superconduct-

ing coplanar waveguide

In Paper V, we propose and analyze a device for observing the dynami-
cal Casimir effect in a superconducting coplanar waveguide. The central
components in solid-state implementations of quantum-optics-like systems
are transmission lines, such as a coplanar waveguide, because they contain
electromagnetic fields that gives the circuit quantum-optics-like character.
Producing the dynamical Casimir effect requires a quantum mechanical field
with time-dependent boundary condition, e.g., due to an oscillating mirror
in free space as discussed in the previous section. A time-dependent bound-
ary condition can be implemented in a superconducting coplanar waveguide
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Figure 5.9: Schematic representation of a proposed device for detecting the dynamical
Casimir effect in a superconducting electrical circuit. The device consist of a coplanar
waveguide, which contain a quantum mechanical electromagnetic field, and a SQUID which
terminates the coplanar waveguide. The phase across the SQUID is tuned by the applied
magnetic-flux,

by terminating it to ground trough a dc-SQUID (see Sec. 2.4), and apply-
ing a time-dependent magnetic flux through the SQUID loop. The phase
across the SQUIDs, and thereby the boundary condition for the coplanar
waveguide, is determined by the externally applied magnetic flux thought
the loop. This method of tuning the boundary conditions of transmission
lines has been used in a series of recent experiments on frequency-tunable
resonators [111, 112] and parametric amplification [113]. Harmonic mod-
ulation of the applied magnetic flux results in a boundary condition that
corresponds to an oscillating effective length of the SQUID.

A schematic view of the proposed device is shown in Fig. 5.9, and an
equivalent lumped-element circuit model is shown in Fig. 5.10. We analyzed
the circuit using quantum network theory [12, 13] (also described in Chapter
2) and used the input-output formalism [16, 17] to calculate the state of the
field in the coplanar waveguide.

The Heisenberg equation of motion for flux at the SQUID, Φ0 = Φ(x =
0), see Fig. 5.10, provides a boundary condition for the flux field in the
coplanar waveguide that can be used to relate the input and output fields.
We consider a symmetric SQUID, with equal Josephson energies EJ,1 = EJ,2
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Figure 5.10: A lumped-element circuit model for the proposed device schematically
shown in Fig. 5.9. The inductance and capacitance per unit length in the coplanar waveg-
uide is L0 and C0, respectively, and EJ,i is the Josephson energy and CJ,i capacitance of
the ith Josephson junction in the SQUID loop.

and capacitances CJ,1 = CJ,2. We also assume that the loop has a negligible
self-inductance, so that the fluxes associated with the junctions are related
to the external flux: ΦJ,1 − ΦJ,2 = Φext. The SQUID then behaves as a
Josephson junction with effective Josephson energy (see Sec. 2.4)

EJ(f) = EJ

√

2 + 2 cos f, (5.14)

where f = 2πΦext/Φ0 is the reduced magnetic flux through the loop, and
ΦJ = (ΦJ,1 + ΦJ,2)/2 is the flux of the effective junction.

The Hamiltonian given by the Legendre transformation of the Lagrangian
for the circuit shown in Fig. 5.10 is

H =
1

2

∞
∑

i=1

(

(Pi)
2

C0∆x
+

1

L0

(Φi − Φi−1)
2

(∆x)

)

+
1

2

(PJ)2

CJ
− EJ(f) cos (2πΦJ/Φ0) , (5.15)

where Pi and PJ are the conjugate momenta of Φi and ΦJ , respectively.
For our purposes we will assume that the plasma frequency of the SQUID is
much larger than all other frequencies in the system, or equivalently, that the
effective Josephson energy is much larger that the charging energy EJ(f) ≫
(2e)2/2CJ . In this situation the SQUID will be only weakly excited, and
the cosine term in the Hamiltonian can be expanded to second order in ΦJ :

EJ(f) cos (2πΦJ/Φ0) ≈ −1
2

(2π)2

Φ2
0

EJ(f)Φ2
J , where the constant term has been

omitted.
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The Heisenberg equation of motion for the conjugate momentum to dy-
namical variable ΦJ ≡ Φ(0) = Φ0, in the continuum limit ∆x → 0, is

CJΦ̈J = −i[CJ Φ̇J , H ] = −(2π)2

Φ2
0

EJ(f)ΦJ − 1

L0

∂Φ(x)

∂x

∣

∣

∣

∣

x=0

, (5.16)

resulting in the following boundary condition for the flux field in the coplanar
resonator [141]:

(2π)2

Φ2
0

EJ(f)Φ(0, t) +
1

L0

∂Φ(x, t)

∂x

∣

∣

∣

∣

x=0

+ CJ
∂2Φ(0, t)

∂t2
= 0. (5.17)

The quantum mechanical field in the coplanar waveguide is governed by
the Klein-Gordon wave equation. The general solution, which contains left-
propagating and right-propagating contributions, can be written in terms of
field creation (a†

ω) and annihilation (aω) operators for photons of energy ~ω,

Φ(x, t) =

√

~Z0

4π

∫ ∞

0

dω√
ω

(

ain
ω e−i(−kωx+ωt) + H.c.

)

+

√

~Z0

4π

∫ ∞

0

dω√
ω

(

aout
ω e−i(+kωx+ωt) + H.c.

)

. (5.18)

The creation and annihilation operators satisfy the usual commutation re-
lation [aα

ω, (aα
ω′)†] = δ(ω − ω′), where α represents either the in-field or the

out-field. Here, Z0 =
√

L0/C0 is the characteristic impedance of the copla-
nar waveguide, the wave vector is kω = ω/v, and v = 1/

√
C0L0 is the wave-

propagation velocity. The first term in Eq. (5.18) is the right-propagating
(incoming) wave, Φin(x, t), and the second term the left-propagating (outgo-
ing) wave, Φout(x, t).

By inserting the expression for the field, Eq. (5.18), into the boundary
condition, Eq. (5.17), we obtain

∫ ∞

−∞

dω√
ω

[

(2π)2

Φ2
0

EJ(f) − ω2CJ +
ikω

L0

]

(

Θ(ω)ain
ω + Θ(−ω)(ain

−ω)†
)

e−iωt

+

∫ ∞

−∞

dω√
ω

[

(2π)2

Φ2
0

EJ(f) − ω2CJ − ikω

L0

]

(

Θ(ω)aout
ω + Θ(−ω)(aout

−ω)†
)

e−iωt

= 0, (5.19)

where Θ(ω) is the Heaviside step function. Fourier transforming (
∫∞

−∞
dteiω′t)

Eq. (5.19) gives the boundary condition in frequency space:

(2π)2

Φ2
0

∫ ∞

−∞

dω′g(ω, ω′)
[

Θ(ω′)(ain
ω′ + aout

ω′ ) + Θ(−ω′)(ain
−ω′ + aout

−ω′)†
]

+
ikω

L0

(

ain
ω − aout

ω

)

− CJ(ω)2
(

ain
ω + aout

ω

)

= 0, (5.20)
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where g(ω, ω′) is defined as

g(ω, ω′) =
1

2π

√

ω

ω′

∫ ∞

−∞

dte−i(ω′−ω)tEJ [f(t)]. (5.21)

Here we can formally solve for the output-field operators aout
ω in terms of the

input-field operators ain
ω , in frequency space.

The output-field operators

A static external magnetic flux f0 gives a time-independent effective Joseph-
son energy EJ(f0) = E0

J . The integral Eq. (5.21) can then be evaluated,
giving g(ω, ω′) = E0

J

√

ω/ω′δ(ω − ω′), and we can solve Eq. (5.20) for the
output operators aout

ω in terms of the input operators ain
ω :

aout
ω = −1 + ikωL0

eff − (ω/ωp)
2

1 − ikωL0
eff − (ω/ωp)2

ain
ω ≡ R(ω)ain

ω , (5.22)

where we have introduced the effective length

L0
eff = Leff(f0) =

(

Φ0

2π

)2
1

L0E0
J

=
LJ (f0)

L0
, (5.23)

and where ωp = 2π
√

E0
J/CΦ2

0 is the plasma frequency of the SQUID. The
last term in the numerator and denominator in Eq. (5.22) can be dropped,
since we assume that plasma frequency of the SQUID is the largest frequency
in the system, ω ≪ ωp. If we also assume that kωL0

eff ≪ 1, i.e., if the effective
length introduced above is short compared to the characteristic wavelengths
in the system, we can write R(ω) as

R(ω) ≈ −1 + ikωL0
eff

1 − ikωL0
eff

≈ −e2ikωL0

eff . (5.24)

In this form R(ω) can be compared to the reflection coefficient, −e2ikL, of
a short-circuited transmission line of length L. This gives a useful physical
interpretation of the effective length L0

eff , and the SQUID can be associated
with an effective length that can be tuned by the applied magnetic flux. The
condition kωL0

eff ≪ 1 is satisfied if the effective length is short compared to the
wavelength corresponding to the frequency ω, or equivalently, if ω ≪ Z0Cω2

p.

For a time-dependent external flux around the static bias point, resulting
in the Josephson energy EJ [f(t)] = E0

J + δEJ(t), we can write the solution
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in the form,

aout
ω = R(ω) ain

ω −
∫ ∞

−∞

dω′S(ω, ω′) ×
[

Θ(ω′)(ain
ω′ + aout

ω′ ) + Θ(−ω′)(ain
−ω′ + aout

−ω′)†
]

, (5.25)

where,

S(ω, ω′) =

√

|ω/ω′|
2π(1 − ikωL0

eff)

∫ ∞

−∞

dt e−i(ω−ω′)t δEJ (t)

E0
J

. (5.26)

If δEJ(t) = δEJ cos(ωdt), where δEJ ≪ E0
J , the effective length modula-

tion is also harmonic, Leff(t) = L0
eff + δLeff cos(ωdt), with amplitude δLeff =

L0
eff(δEJ/E0

J). In this case we can evaluate the integrals in Eqs. (5.25-5.26),
and perturbatively solve for the output operators in terms of the input op-
erators to first order in δLeff and kωL0

eff :

aout
ω = R(ω) ain

ω + i
δLeff

v

(

√

ω(ω + ωd)a
in
ω+ωd

+

√

|ω(ω − ωd)|
[

Θ(ω − ωd)a
in
ω−ωd

+ Θ(ωd − ω)(ain
ωd−ω)†

]

)

. (5.27)

State of the output field

We are interested in finding an expression for the output field state when the
input field is thermal and the boundary condition is harmonically modulated.
We are in particular interested in the photon-flux density in the output field
nout

ω =
〈

(aout
ω )†aout

ω

〉

, as a function of mode-frequency ω, for a thermal input
field, i.e., with

〈

(ain
ω )†ain

ω

〉

= n̄in
ω δ(ω − ω′), where

n̄in
ω =

1

exp(~ω/kBT ) − 1
. (5.28)

By using the expression above for the output-field creation and annihila-
tion operators, Eq. (5.27), we get, for a small-amplitude harmonic drive,

nout
ω = n̄in

ω +
(δLeff)2

v2
ω |ωd − ω| n̄in

|ωd−ω|

+
(δLeff)2

v2
ω(ωd − ω) Θ(ωd − ω), (5.29)

where we have neglected terms containing the small factor n̄in
|ωd+ω|, since we

are considering the low temperature limit kBT ≪ ωd/2π. The output-field
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photon-flux distribution in Eq. (5.29) contains three terms which can be
interpreted as the following: The first two terms originate from the thermal
input field, where the first term describes the reflected thermal photons, and
the second term the up-converted thermal photons. The third term is of
quantum mechanical origin, and is a consequence of the noncommutativity
of the creation and annihilation operators of the field, or, equivalently, a
consequence of the vacuum fluctuations. This quantum mechanical radiation
is the dynamical Casimir effect, and the spectrum is identical to the that
produced by a single oscillating mirror in free space [135], as expected.

From the photon-flux density we can calculate the number N of gener-
ated photons per second, in a bandwidth ∆ω, by integrating nout

ω over the
bandwidth,

N =
1

2π

∫

∆ω

dω nout
ω ≈ ∆ω

2π
nout

ω . (5.30)

where the approximation is valid for a small bandwidth ∆ω, where the rela-
tive change in nout

ω is negligible.

Signatures and the feasibility of experimental verification of the

dynamical Casimir effect

For the experimental verification of the dynamical Casimir effect in this sys-
tem, we naturally need the photon production rate to be sufficiently high to
be detectable, with realistic experimental parameters. We also need to be
able to distinguish the generated photons from photons of thermal origin.
This turns out to be possible because the dynamical Casimir radiation has
several characteristics that thermal photons does not have. Most fundamen-
tally, the photons are generated in correlated pairs, i.e., 〈aout

ωd/2+ωaout
ωd/2−ω〉 6= 0,

with frequencies that add up to the driving frequency. In principle, it should
therefore be possible to detect these correlations using coincidence-count de-
tection of single photons. However, there are presently no single-photon de-
tectors available in the microwave regime, which makes this unfeasible at the
time being, although theoretical proposals have been presented [143]. An-
other signature of the dynamical Casimir radiation that could be measured
with current experimental techniques is the shape of the photon-flux-density
spectrum, which has a different frequency dependence compared to that of
the reflected thermal photons. The two effects can therefore be clearly dis-
tinguished from each other in experiments that measure signals consisting of
a large number of photons.

The photon-flux-density spectrum of the dynamical Casimir radiation has
a parabolic shape with a maximum at ωd/2, whereas the photon-flux density
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Figure 5.11: The photon-flux density as a function of mode-frequency ω. The bottom
solid curve shows the classical prediction, and the middle (analytical) and top (numerical)
solid curves show the quantum mechanical predictions. Here we have used the parameters
ωp/2π ≈ 36 GHz, ωd = ωp/2, δEJ = E0

J/4, C = 90 fF, Z0 ≈ 55 Ω, v ≈ 1.2 · 108 m/s, and
the input-field temperatures 50 mK (solid lines) and zero Kelvin (dashed lines), where the
classical result yields nout

ω ≡ 0.

for the reflected thermal field has maxima at zero frequency and at ωd, see
Fig. 5.11. Furthermore, the fact that the photons are created in correlated
pairs results in a squeezed output field, described by squeezing spectrum [16]
with maximum squeezing at ωd/2. This could also be used to distinguish
dynamical Casimir radiation from thermal radiation.

Figure 5.11 shows the photon-flux spectral density predicted by Eq. (5.29),
for a moderate input mode temperature (50 mK) and typical circuit parame-
ters [112], together with the classical thermal contribution. For these param-
eters, the parabolic signature of the dynamical Casimir radiation is clearly
distinguishable from the thermal contribution in a wide frequency range be-
tween ∼ ωd/2 and ωd. The power per unit bandwidth in this frequency range
gives an energy comparable to a few milli Kelvin, which should be detectable
with lock-in techniques and typical amplifiers with a noise temperatures of
a few K [144]. With parameters quoted in the caption of Fig. 5.11, the
photon production rate N , Eq. (5.30), in a ∆ω/2π = 100 MHz bandwidth
around ωd/2 ≈ 9 GHz, is N ∼ 105 photons per second. This is equivalent to
the thermal photon flux at a temperature around 70 mK. For temperatures
lower than this the photon flux due to the dynamical Casimir effect therefore
dominates over thermal photons, as seen in Fig. 5.11.





Chapter 6

Nanomechanical systems

In the last few decades, there has been rapid progress in the field of micro-
and nanotechnology. Electrical and mechanical systems with characteristic
dimensions as small and µm, or in some cases even nm, are now routinely
manufactured using, e.g., optical and electron-beam lithography, and shadow
mask evaporation. Applications of electrical systems have been discussed in
the previous chapters, and in the current chapter we will focus on micro-
and nanometer-sized systems with both electrical and mechanical degrees
of freedom: So-called Microelectromechanical systems (MEMS) and Nano-
electromechanical systems (NEMS). Examples of problems that are being
studied in this field are transport of particles in MEMS and NEMS devices,
and quantum mechanical properties of systems that consist of a macroscopic
number of particles. In this chapter these two problems will be discussed in
connection with the appended Paper VI and Paper VII.

6.1 Transport

Transport properties of electrical and mechanical devices are important in
many practical applications. An example of an electron-transport device
which is very important in electronics is the transistor. The current through
a transistor can be turned on and off sharply, through a gate voltage act-
ing as a control. Finding transistors that are more efficient, smaller, or is
in other aspects novel, is therefore a quest that constantly receives ample
attention. Traditional transistors control currents with macroscopic number
of electrons. As it becomes possible to manufacture smaller and smaller elec-
trical circuits, it is becoming feasible to study the motion and control of very
small currents; even the motion of individual charged particles.
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6.1.1 Electron transport via a nanomechanical shuttle

In Paper VI, we study electron transport through a device that consist of
a mobile island between two electrodes (see, e.g., Ref. [145] for a review).
The island assists the transport between the electrodes through an interplay
between the mechanical motion of the island and the electrode-to-island and
island-to-electrode tunneling probabilities, which makes the island function
as an electron shuttle. There have been experimental demonstrations of elec-
tron transport through shuttles made of molecules [146] and nanomechanical
resonators [147], for example, and these systems have also attracted con-
siderable theoretical attention [148, 149, 150, 151]. These experimental and
theoretical studies have clearly demonstrated the importance of the mechani-
cal motion of the island (shuttle) and its influence on the electrical properties,

Figure 6.1: Schematic diagram of electron transport through (a) uncharged and (b)
charged nano-oscillator. The bottom parts show a schematic illustration of the device,
and the top parts show the corresponding energy-level diagram.



71

such as the conductivity.

In Paper VI, we analyzed the shuttle-assisted transport through a device
shown schematically in Fig. 6.1. We calculated the electron populations and
the conductivity of the island, as a function of the system parameters, and in
particular we considered the influence of charging effects and temperature.
To this end we studied a model in which the island has the capacity to
simultaneously contain two electrons of opposite spin. The model included
a finite on-site Coulomb repulsion U0 for electrons occupying the island, and
electrode-to-island tunneling probabilities wα(x) = exp (x/λα) that decay
exponentially as a function of the distance from the island to the electrodes
(α=L, R, for the left and right electrode, respectively).

The model can be represented by a Hamiltonian on the form

H =
∑

σ

Eσa†
σaσ + U0a

†
σaσa†

σ̄aσ̄ +
∑

k,α,σ

Ek,α,σc
†
k,α,σck,α,σ + Hosc + Htun, (6.1)

where σ = 1, 2 (σ̄) for spin up, down (down, up), respectively, and where aσ

is the annihilation operator for an electron with spin σ on the island, ck,α,σ

is the annihilation operator for an electron with spin σ and wave-vector k
in electrode α, Hosc and Htun are the Hamiltonians describing the oscillator
and tunneling process, respectively. The oscillator is displaced by an electric
field E that couples to the electrons that occupy the island, and it has an
Hamiltonian on the form

Hosc =
p2

2M
+

Mω2
0x

2

2
− eEx

∑

σ

Nσ, (6.2)

with mass M , frequency ω0, displacement x and momentum p, and where
Nσ = a†

σaσ is the occupation operator for electrons with spin σ on the island.
The tunneling Hamiltonian is taken to be on the form

Htun = −
∑

k,α,σ

Tk,αwα(x)c†k,α,σaσ + H.c., (6.3)

where Tk,αwα(x) is the tunneling amplitude.

The Hamiltonian gives the equations of motion for the operators describ-
ing the island and the electrodes, e.g., iȧσ = [aσ, H ], where the commutator
can be evaluated using the Fermi-operator properties. However, the result-
ing equations in their full form are very complicated. The equations can be
rewritten on a more transparent form by introducing a change of variables
that eliminates the electric-field-induced position shift xǫ of the oscillator,
which then appears in the tunneling Hamiltonian instead. The tunneling
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Hamiltonian can also be written on standard form by introducing a rede-
fined Fermi operator that contains electric-field and position dependence,
for the electrons on the island. To obtain analytical results we simplify the
equations of motion by using the free-evolution solutions for the electrode
and island operators. This approximation is justified in the weak electrode-
island coupling regime that we are interested in. With this formalism [152]
we obtain expressions for the occupation probabilities of the island, and for
the current through the island, that can be evaluated together with numerical
calculations of matrix elements.

For parameters corresponding to a shuttle consisting of a C60 molecule
[146], we numerically evaluate the electron population of the island, as a
function of the difference between the electron energy Eσ on the island and
the chemical potential µ of the electrodes. The results are shown in Fig. 6.2.
The conductance through the island, as a function of the electron energy and
the electric-field induced shift in the oscillator, is shown in Fig. 6.3, for the
temperatures T = 77 K and T = 4 K. The results show, as expected, that the
conductance through the island is suppressed due to the so-called Coulomb
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Figure 6.2: Average electron populations (for spin up in solid top curve, for spin down
in dashed top curve), populations correlator (dotted-dashed middle curve), and cumulant
KN = 〈N1N2〉 − 〈N2〉 (dotted curve at the bottom), as functions of the electron energy
on the island compared to the chemical potential of the electrodes.
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Figure 6.3: The projection of the conductivity G(Eσ − µ, xǫ) through a mobile island,
using parameters corresponding to the C60 molecule, on the “G vs. Eσ − µ” plane (left)
and the “G vs. xǫ” plane (right), for the temperatures T = 4 K (top) and T = 77 K
(bottom). The dashed (solid) peak p1 (p2) denotes the conductance peak at Eσ = µ
(Eσ = µ−U0). When xE = 0, p1 and p2 have an equal conductance, corresponding to the
usual Coulomb blockade results.

blockade, unless either of the electron states of the island are resonant with
the chemical potential of the electrodes. When either the single or the double
electron state are tuned between the potential of the electrodes, resonant tun-
neling occurs, and a conductance that has a complicated dependence on the
mechanical motion of the oscillator is observed. The conductance associated
with resonant tunneling through the charged island can be significantly larger
than that of the uncharged island, in the presence of an electric field. The
temperature dependence of the conductance of the charged and uncharged
island also display different behavior.

6.2 Nanomechanical resonators in the quan-

tum regime

Quantum mechanics was originally a theory for microscopic particles; such
as atoms, electrons, photons, etc. However, it has later been shown that
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macroscopic systems also can behave quantum mechanically [47, 48]. As a
general principle, though, the larger a system is the faster it decoheres [153],
due to increased coupling to its environment. It is still an open question
whether or not there is a fundamental limit for the validity of quantum
mechanics, in terms of some measure of the system size. Nanomechanical
resonators, such as nanometer-sized cantilevers and beams, are prototype
systems for studying these issues experimentally. They are massive objects,
consisting of billions of atoms, but as their natural frequency increases rapidly
with decreasing system size, reaching hundreds of MHz, or possibly even GHz
frequencies, for systems with characteristic lengths in the order of fractions
of microns, it might be possible to cool such a system to its groundstate using
cryostat refrigerators, and/or other cooling techniques.

An oscillator close to its groundstate, where, on average, there is less
than one thermal excitation in the oscillator, is said to be in the quantum
limit. In this limit, thermal fluctuations are negligible compared to quantum
fluctuations according to Heisenberg’s uncertainty principle. In the thermal
regime the amplitude of fluctuations is proportional to the temperature. Ob-
serving a plateau in these fluctuations as the temperature, in frequency units,
is lowered far below the natural frequency of the oscillator, would show that
the oscillator is in a quantum mechanical groundstate. As of yet, the quan-
tum limit has not be reached in experiments with mechanical resonators,
but steady progress is being made, and temperatures corresponding to only
a few to a few tens [154, 155, 156, 157, 158, 159] of thermal photons in the
resonators has been achieved [160].

Nanomechanical resonators can be used as very sensitive position detec-
tors [154]. The fluctuations in such devices limit their accuracy, and it is
therefore desirable to operate at as low temperature as possible, and ideally
in the quantum limit. Practical applications of this sort are also driving
forces in the quest to reach the quantum limit for mechanical resonators.

6.2.1 Cooling of a nanomechanical resonator

In Paper VII, we studied sideband cooling [162, 163] of a nanomechanical
resonator, and we investigated the fundamental limits of the cooling factors
that can be achieved with this cooling scheme.

A resonator with eigenfrequency ω that is in thermal equilibrium with a
bath of temperature T , has an average photon occupation number given by
the Bose-Einstein distribution

n̄ =
1

exp (~ω/kBT ) − 1
. (6.4)
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Figure 6.4: Energy-level diagram of a high-frequency resonator and low-frequency me-
chanical resonator in the resolved sideband limit, showing the different possible transitions
for the model discussed in the text.. The quantum states |nm〉 denotes state with n excita-
tions in the electrical resonator, and m excitations in the nanomechanical resonator. The
vertical arrows represent the environment-induced decay in the resonator, and diagonal
arrows represent driving-induced red-sideband transitions.

Nanomechanical resonators have typical eigenfrequencies of the order of ωm ∼
kHz to MHz, and they therefore have a large number of excitations at acces-
sible cryogenic temperatures (Tm ∼ 25 mK, which corresponds to ∼ 500 MHz
in frequency units). There exist various cooling schemes for extracting those
excitations from the resonator, which results in an effective temperature T ∗

that is lower than the temperature of the surrounding bath T .

Sideband cooling is an example of such an cooling scheme. The basic idea
in sideband cooling is to couple the nanomechanical resonator with frequency
ωm to a high-frequency electrical resonator with frequency ωr ≫ ωm. Elec-
trical resonators can be manufactured with high enough frequencies, ωr ∼
GHz, so that they are in the quantum limit when cooled to cryogenic tem-
peratures. The number of excitations in such a resonator is then very small
and the resonator is essentially in its ground state, even if its temperature is
the same as that of the low-frequency nanomechanical resonator.

If the dissipation rate of the electrical resonator Γr < ωm, i.e., if the
broadening of energy levels of the electrical resonator is smaller than the
energy splitting of the nanomechanical resonator, it is possible to resolve the
sidebands due to the low frequency resonator in the energy spectrum of the
high-frequency resonator, as shown in Fig. 6.4. In this case it is possible to
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achieve energy transfer between the two coupled resonators — although they
are far off-resonance — by applying a driving field to the electrical resonator,
that compensate for the frequency mismatch.

The Hamiltonian describing this system can be written

H = ωra
†
rar + ωma†

mam + Hint + A cos(ωpt)(ar + a†
r), (6.5)

where the driving frequency should match the frequency difference between
the two resonators, ωp = ωr − ωm. Here, the interaction Hamiltonian Hint is
assumed to be on a form that facilitates the transitions shown in Fig. 6.4.
Initially, before the driving is applied, the two resonators are in thermal
equilibrium with their baths. In this state, the nanomechanical resonator has
a large number of excitations while the electrical one has a very small number
of excitations, as discussed above. When the driving is applied, excitations
flow between the two systems. Detailed balance guarantees that the rates
of energy transfer between the two resonators are equal in both directions.
But since the nanomechanical resonator initially has many more excitations
than the electrical resonator, there will be a net flow of energy from the
nanomechanical resonator to the electrical resonator. This process continues
until a steady state, with equal number of excitations in both resonators, is
achieved.

In Paper VII, we study this problem using both semiclassical and quan-
tum mechanical methods. In both pictures, we find a lower limit on the
cooling that can be achieved through the sideband cooling described above,
which is on the form

T ∗
m =

ωm

ωr

Tr. (6.6)

We also studied the sideband cooling process by numerical integration of a
master equation, and we found results in good agreement with the analytical
expressions. The result of such a numerical calculation is shown in Fig. 6.5,
which shows the effective temperatures of the nanomechanical and electrical
resonators, relative to the corresponding bath temperatures, as a function of
time. The effective temperatures were calculated from the entropies

S = −Tr (ρ log ρ) , (6.7)

of the reduced density matrices, for respective system, and by fitting to the
entropy-temperature relation for a harmonic oscillator

S = −kB log [1 − exp{−~ω/kBT}] + ~ω

T

1

exp{~ω/kBT} − 1
. (6.8)



77

0.0

0.5

1.0

1.5

2.0

2.5

 0  25  50  75  100

T
∗ m

,r
/T

t (2π/ωm)

Figure 6.5: Effective temperatures for the (low frequency) nanomechanical resonator
(dashed line) and the (high frequency) electrical resonator (solid line), relative to the
temperatures of their baths, as a function of time. The results were calculated numer-
ically, using a master-equation with the parameters ωm/ωr = 0.1, kBTm,r/~ωr = 0.5,
Γr/(ωr/2π) = 0.05, and Γm = 0. The driving field, with amplitude A/ωr = 0.05 and
frequency ωp = ωr − ωm, is turned on at t = 0. For details regarding the interaction
Hamiltonian used in this specific case, see Paper VII.

The lower temperature limit, Eq. (6.6), for a sideband-cooled nanome-
chanical resonator can be higher than the quantum limit in realistic experi-
mental setups. To use sideband cooling efficiently, and to cool a resonator to
the quantum limit, it is therefore necessary to carefully design the parame-
ters of the system, taking Eq. (6.6) into account. In summary, for effective
cooling it is necessary to have ωr ≫ ωm, Γr < ωm, and Γr ≫ Γm.





Chapter 7

Summary and outlook

The design and implementation of artificial solid-state systems exhibiting
quantum mechanical behavior is a young and rapidly developing field — cur-
rently receiving substantial theoretical and experimental attention. I have
in this thesis presented studies of a variety of problems and applications of
such artificial quantum systems, including topics that connects to solid-state
physics, atomic physics, quantum optics and mechanical systems. This in-
terdisciplinary nature of this field, and the many new developments reported
over the last few year, makes it a very exciting field to be working in.

In the first three papers presented in this thesis we investigated quantum
mechanical defects in the environments of Josephson-junction phase qubits
(artificial atoms). We analyzed how their presence influence the decoherence
dynamics of phase qubits, how the defects can be characterized by looking
into signatures in the driven phase-qubit dynamics, and a scheme that ex-
plored the possibility of harnessing the quantum coherence of such defects.
Although such defects can be considered a nuisance that have detrimental ef-
fect on the performance on Josephson-junction qubits, their strong coupling
to superconducting phase qubits also offers a rare opportunity to probe the
microscopic defects, and explore their physical nature. Doing so might teach
us more about how to control their harmful effects on qubit performance,
and might very well be one of the keys to achieving the decoherence times
required for truly practical applications of quantum mechanical systems.

Paper IV and V deals with the solid-state implementations of two physical
systems that originates in the field of quantum optics. I believe that this is
a direction of research that will receive increasing attention in the years to
come, and that have great potential to yield interesting results that rival
those obtained in quantum optics. For example, in Paper V we proposed a
system for measuring the elusive dynamical Casimir effect, which still has not
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been observed in quantum optical systems. The solid-state implementation
of the dynamical Casimir experiment has many promising aspects that might
make it more feasible than for example the quantum optical counterparts:
Future experiments will provide the answer.

The last two papers focused on system where mechanical motion of micro-
and nanometer sized systems plays important roles; namely, electron trans-
port through a shuttle mechanism, and a scheme for cooling a mechanical
oscillator. The merging of electrical and mechanical systems operating in the
quantum limit is a fascinating concept that brings a new dimension to the
electrical systems considered in the earlier chapters of this thesis.
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Appendix A

Numerical integration of

master equations

Master equations are often complicated, and analytical solutions are often
difficult or impossible to obtain. However, for moderately sized systems it is
relatively straightforward to solve them numerically. Operators in quantum
mechanics can be written on matrix form, where each operator is represented
by a matrix with dimension that equals the size of the Hilbert space. In
this matrix representation the Bloch-Redfield and Lindblad master equations
takes the form of ordinary differential equations on matrix form. By writing
the master equation on standard form we can apply well-known techniques
for solving ordinary differential equations, e.g., the Runge-Kutta algorithm.

In Papers I-IV and VII, numerical integration of Bloch-Redfield and Lind-
blad master equations were performed, and the software that was developed
by me for these calculations is distributed as a free software package called
QDpack (Quantum Dynamics Package). QDpack is implemented in C, and
designed to be used on high-performance computer clusters, and use the GSL
and LAPACK libraries for matrix-matrix and matrix-vector operations. QD-
pack includes several modules that provides customized solvers for the time
evolution for unitary and dissipative dynamics, time-independent and time-
dependent Hamiltonians, and with time-dependent basis transformations.
The software package includes a system for automatically generating and
managing the total system Hamiltonian and density matrix, for tracing out
selected parts of the system, for calculating expectation values of correlations
functions for system operators, and finding steady-state solutions. This al-
lows QDpack to be easily applied to arbitrary quantum systems as long as
the total number of states is moderate (around 100 to 300 for a dissipative
system, depending on the stiffness of the problem).
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Adaptive Runge-Kutta for master equations

The core solver in QDpack is an adaptive Runge-Kutta algorithm [164] for
solving ordinary differential equations of arbitrary stiffness, which guarantees
accurate results also for problems with several energy scales. The solver
consists of two components; (1) the Runge-Kutta algorithm for calculating
ρ(t+∆t) given ρ(t), and (2) an adaptive scheme for adjusting the step-length
∆t during the numerical integration.

(1): Both the Bloch-Redfield and the Lindblad master equations can
be written as ρ̇(t) = F [t, ρ(t)], which is form required by the Runge-Kutta
algorithm. A single time-step in the Runge-Kutta algorithm, ρ(t + ∆t) =
RK[ρ(t), ∆t], is then given by

K1 = F [t, ρ(t)],

K2 = F [t + ∆t/2, ρ(t) + K1∆t/2],

K3 = F [t + ∆t/2, ρ(t) + K2∆t/2],

K4 = F [t + ∆t, ρ(t) + K3∆t],

ρ(t + ∆t) = RK[ρ(t), ∆t] = ρ(t) +
1

6
∆t(K1 + 2K2 + 2K3 + K4).

(2): The adaptive step-length algorithm is based on a simple but powerful
recursive scheme that is commonly used in adaptive quadrature calculations
[165]. When ρ(t) is to be evolved to ρ(t + ∆t), this is evaluated in two ways:

ρ1(t + ∆t) = RK[ρ(t), ∆t],

ρ2(t + ∆t) = RK[RK[ρ(t), ∆t/2], ∆t/2].

If e = ||ρ2 − ρ1|| < ǫ, where ǫ is a prescribed accuracy, then we accept the
weighted difference (16ρ2(t + ∆t) − ρ1(t + ∆t))/15 as a sufficiently accurate
estimate of ρ(t + ∆t). If, on the other hand, e > ǫ, the step-length is halved
and the same algorithm is applied in the attempt to calculate ρ(t + ∆t/2).
This recursive approach is repeated until the prescribed accuracy is reached.
The adaptive step-length Runge-Kutta has an overhead compared to fixed
step-length Runge-Kutta, but the added advantage of accuracy control and
an error estimate (e) makes it very useful for evolution of master equations
— in particular if not all energy scales of the system are known, or if they
are functions of time.

For further information about the features of the QDpack software, and
for downloading the source code, please see the following Internet web page:
http://dml.riken.jp/~rob/qdpack
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Abstract

We study the decoherence dynamics of a qubit coupled to a quantum two-level system (TLS) in addition to its weak coupling to a
background environment. We analyze the different regimes of behaviour that arise as the values of the different parameters are varied.
We classify those regimes as two weak-coupling regimes, which differ by the relation between the qubit and TLS decoherence times, and a
strong-coupling one. We also find analytic expressions describing the decoherence rates in the weak-coupling regimes, and we
verify numerically that those expressions have a rather wide range of validity. Along with obtaining the above-mentioned results, we
address the questions of qubit–TLS entanglement and the additivity of multiple TLS contributions. We also discuss the transition from
weak to strong-coupling as the parameters are varied, and we numerically determine the location of the boundary between the two
regimes.
� 2006 Elsevier B.V. All rights reserved.

Keywords: Quantum computing; Decoherence; Two-level systems
1. Introduction

There have been remarkable advances in the quest to
build a superconductor-based quantum information pro-
cessor in recent years [1–14]. Coherent oscillations have
been observed in systems of single qubits and two interact-
ing qubits [2,4,5,8]. In order to achieve the desirable power
of a functioning quantum computer, one would need to
perform a large number of quantum gate operations of at
least hundreds of qubits. One of the main obstacles to
achieving that goal, however, are the relatively short deco-
herence times in these macroscopic systems (note that even
a single superconductor-based qubit can be considered a
macroscopic system). Therefore, there has been increasing
experimental and theoretical activity aimed at understand-
0921-4534/$ - see front matter � 2006 Elsevier B.V. All rights reserved.

doi:10.1016/j.physc.2006.04.106
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ing the sources and mechanisms of decoherence of such
systems in recent years [10–21].

The environment causing decoherence of the qubit is
comprised of a large number of microscopic elements.
There is a large wealth of theoretical work on the so-called
spin-boson model [22], which models the environment as a
large set of harmonic oscillators, to describe the environ-
ment of a solid-state system. However, recent experimental
results suggest the existence of quantum two-level systems
(TLSs) that are strongly coupled to the qubit [10,11,23].
Furthermore, it is well known that the qubit decoherence
dynamics can depend on the exact nature of the noise caus-
ing that decoherence. For example, an environment com-
posed of a large number of TLSs that are all weakly
coupled to the qubit will generally cause non-Markovian
decoherence dynamics in the qubit (see, e.g., [15]). Note
that the mechanism of qubit–TLS coupling depends on
the physical nature of the qubit and TLS. The exact mech-
anisms are presently unknown.

mailto:ashhab@riken.jp
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The effect on the qubit of an environment consisting of
weakly coupled TLSs with short decoherence times is rather
well understood. As was presented in Ref. [18], one takes
the correlation functions of the TLS dynamics in the fre-
quency domain, multiplies each one with a factor describing
the qubit–TLS coupling strength, and adds up the contribu-
tions of all the TLSs to obtain the effective noise that is felt
by the qubit. We shall refer to that approach as the tradi-
tional weak-coupling approximation. In this paper, we shall
study the more general case where no a priori assumptions
are made about the TLS parameters. We shall identify the
criteria under which the traditional weak-coupling approx-
imation is valid. We shall also derive more general expres-
sions that have a wider range of validity, as will be
discussed below. Furthermore, we study the criteria under
which our weak-coupling results break down, and the
TLS cannot be easily factored out of the problem. It is
worth noting here that we shall not attempt to theoretically
reproduce the results of a given experiment. Although we
find potentially measurable deviations from the predictions
of previous work, we are mainly interested in answering
some questions related to the currently incomplete under-
standing of the effects of a TLS, or environment of TLSs,
on the qubit decoherence dynamics.

Since we shall consider in some detail the case of a
weakly coupled TLS, and we shall use numerical calcula-
tions as part of our analysis, one may ask why we do not
simulate the decoherence dynamics of a qubit coupled to
a large number of such TLSs. Alternatively, one may ask
why we separate one particular TLS from the rest of the
environment. Focussing on one TLS has the advantage
that we can obtain analytic results describing the contribu-
tion of that TLS to the qubit decoherence. That analysis
can be more helpful in building an intuitive understanding
of the effects of an environment composed of a large num-
ber of TLSs than a more sophisticated simulation of an
environment composed of, say, twenty TLSs. The main
purpose of using the numerical simulations in this work
is to study the conditions of validity of our analytically
obtained results.

The present paper is organized as follows: in Section 2
we introduce the model system and the Hamiltonian that
describes it. In Section 3 we describe the theoretical
approach that we shall use in our analysis. In Section 4
we use a perturbative calculation to derive analytic expres-
sions for the relaxation and dephasing rates of the qubit in
the weak-coupling regime and compare them with those of
the traditional weak-coupling approximation. In Section 5
we numerically analyze the qubit decoherence dynamics in
the different possible regimes. We also address a number of
questions related to the intuitive understanding of the
problem, including those of qubit–TLS entanglement and
the case of two TLSs. In Section 6 we discuss the question
of the boundary between the weak and strong-coupling
regimes, and we perform numerical calculations to deter-
mine the location of that boundary. We finally conclude
our discussion in Section 7.
2. Model system

We consider a qubit that is coupled to a quantum TLS.
We take the qubit and the TLS to be coupled to their own
(uncorrelated) environments that would cause decoherence
even if the qubit and TLS are not coupled to each other.
We shall be interested in the corrections to the qubit deco-
herence dynamics induced by the TLS. The Hamiltonian of
the system is given bybH ¼ bH q þ bH TLS þ bH I þ bH Env; ð1Þ
where bH q and bH TLS are the qubit and TLS Hamiltonians,
respectively, bH I describes the coupling between the qubit
and the TLS, and bH Env describes all the degrees of freedom
in the environment and their coupling to the qubit and the
TLS. The qubit Hamiltonian is given by

bH q ¼ �
Dq

2
r̂ðqÞx �

�q

2
r̂ðqÞz ; ð2Þ

where Dq and �q are the adjustable control parameters of
the qubit, and r̂ðqÞa are the Pauli spin matrices of the qubit.
For example, for the charge qubit in Ref. [2], Dq and �q are
the energy scales associated with tunnelling and charging,
respectively. Similarly, the TLS Hamiltonian is given by

bH TLS ¼ �
DTLS

2
r̂ðTLSÞ

x � �TLS

2
r̂ðTLSÞ

z : ð3Þ

The energy splitting between the two quantum states of
each system, in the absence of coupling between them, is
then given by

Ea ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

a þ �2
a

q
; ð4Þ

where the index a refers to either qubit or TLS. For future
purposes, let us also define the angles ha by the criterion

tan ha �
Da

�a
: ð5Þ

We take the interaction Hamiltonian between the qubit
and the TLS to be of the form:

bH I ¼ �
k
2
r̂ðqÞz � r̂ðTLSÞ

z ; ð6Þ

where k is the coupling strength between the qubit and the
TLS. Note that the minus sign in bH I is simply a matter of
convention, since k can be either positive or negative. It is
worth mentioning here that the applicability of this form of
interaction is not as limited as it might appear at first sight.
Any interaction Hamiltonian that is a product of a qubit
observable (i.e. any Hermitian 2 · 2 matrix) and a TLS ob-
servable can be recast in the above form with a simple basis
transformation.

We assume that all the terms in bH Env are small enough
that its effect on the dynamics of the qubit + TLS system
can be treated within the framework of the Markovian
Bloch–Redfield master equation approach. It is well known
that the effect of certain types of environments cannot be
described using that approach, e.g. those containing 1/f
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low-frequency noise. However, there remain a number of
unanswered questions about the problem of a qubit experi-
encing 1/f noise. For example, it was shown in Ref. [16]
that the decoherence dynamics can depend on the specific
physical model used to describe the environment. There-
fore, treating that case would make it more difficult to
extract results that are directly related to the phenomenon
we are studying, namely the effect of a single quantum TLS
on the qubit decoherence dynamics. We therefore do not
consider that case.

Depending on the physical nature of the system, the
coupling of the qubit and the TLS to their environments
is described by specific qubit and TLS operators. In princi-
ple one must use those particular operators in analyzing the
problem at hand. However, since we shall present our
results in terms of the background decoherence rates,
which are defined as the relaxation and dephasing rates
in the absence of qubit–TLS coupling, the choice of sys-
tem-environment interaction operators should not affect
any of our results. In fact, in our numerical calculations
below we have used a number of different possibilities
and verified that the results remain unchanged, provided
that the background decoherence rates are kept constant.
Furthermore, the background-noise power spectrum affects
the results only through the background decoherence rates.
Note that we shall not discuss explicitly the temperature
dependence of the background decoherence rates. It should
be kept in mind, however, that the background dephasing
rates generally have a strong temperature dependence in
current experiments on superconducting qubits.

It is worth noting that, since we are considering a quan-
tum-mechanical TLS, the model and the intermediate alge-
bra that we use are essentially identical to those used in
some previous work studying two coupled qubits [24–26].
However, as opposed to being a second qubit, a TLS is
an uncontrollable and inaccessible part of the system.
Therefore, in interpreting the results, we only consider
quantities related to the qubit dynamics.
3. Theoretical analysis: master equation

As mentioned above, we take one particular element of
the environment, namely the TLS, and do not make any a

priori assumptions about its decoherence times or the
strength of its coupling to the qubit. We assume that the
coupling of the qubit to its own environment and that of
the TLS to its own environment are weak enough that a
Markovian master equation approach provides a good
description of the dynamics. The combined qubit + TLS
system has four quantum states. The quantity that we con-
sider is therefore the 4 · 4 density matrix describing that
combined system. We follow the standard procedure to
write the Bloch-Redfield master equation as (see e.g. Ref.
[27]):

_qab ¼ �ixabqab þ
X

cd

Rabcdqcd ; ð7Þ
where the dummy indices a, b, c and d run over the four
quantum states, xab � (Ea � Eb)/�h, Ei is the energy of the
quantum state labelled by i, and the coefficients Rabcd are
given by

Rabcd ¼ �
Z 1

0

dt
X

a¼q;TLS

gaðtÞ dbd

X
n

hajr̂ðaÞz jnihnjr̂ðaÞz jcieixcnt

"(

þ hajr̂ðaÞz jcihdjr̂ðaÞz jbieixcat

#

þ gað�tÞ dac

X
n

hdjr̂ðaÞz jnihnjr̂ðaÞz jbieixnd t

"

þ hajr̂ðaÞz jcihdjr̂ðaÞz jbieixbd t

#)
ð8Þ

gaðtÞ ¼
Z 1

�1
dxSaðxÞe�ixt; ð9Þ

where Sa(x) is the background-noise power spectrum. In
calculating Rabcd we neglect the imaginary parts, which ren-
ormalize the energy splittings of the qubit and TLS, and we
assume that those corrections are already taken into ac-
count in our initial Hamiltonian. We do not use any secular
approximation to simplify the tensor Rabcd any further.
One of the main reasons for avoiding the secular approxi-
mation is that we shall consider cases where the coupling
strength between the qubit and the TLS is very small,
which results in almost degenerate quantum states, a situa-
tion that cannot be treated using, for example, the form of
the secular approximation given in Ref. [27].

Once we solve Eq. (7) and find the dynamics of the com-
bined system, we can trace out the TLS degree of freedom
to find the dynamics of the reduced 2 · 2 density matrix
describing the qubit alone. From that dynamics we can
infer the effect of the TLS on the qubit decoherence and,
whenever the decay can be fit well by exponential func-
tions, extract the qubit dephasing and relaxation rates.

4. Analytic results for the weak-coupling limit

We first consider a case that can be treated analytically,
namely that of a strongly dissipative weakly coupled TLS.
That is exactly the case where the traditional weak-cou-
pling approximation is expected to work. Here, we perform
a perturbative calculation on Eq. (7) where the coupling
strength k is treated as a small parameter in comparison
with the decoherence times in the problem. We shall discuss
the differences between the predictions of the two
approaches in this section, and we shall show in Section
5 that our results have a wider range of validity than the
traditional weak-coupling approximation.

In the first calculation of this section, we consider the
zero-temperature case. If we take the limit k! 0 and look
for exponentially decaying solutions of Eq. (7) with rates
that approach the unperturbed relaxation and dephasing
rates CðqÞ1 and CðqÞ2 , we find the following approximate
expressions for the leading-order corrections:
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dCðqÞ1 � 1
2
k2 sin2 hq sin2 hTLS

CðTLSÞ
2

þCðqÞ
2
�CðqÞ

1

CðTLSÞ
2

þCðqÞ
2
�CðqÞ

1ð Þ2þ Eq�ETLSð Þ2

dCðqÞ2 � 1
4
k2 sin2 hq sin2 hTLS

CðTLSÞ
2

�CðqÞ
2

CðTLSÞ
2

�CðqÞ
2ð Þ2þ Eq�ETLSð Þ2

;

ð10Þ
which are expected to apply very well when CðTLSÞ

2 þ CðqÞ2 �
CðqÞ1 . The above expressions can be compared with those
given in Ref. [18]:

dCðqÞ1 � 1
2
k2 sin2 hq sin2 hTLS

CðTLSÞ
2

CðTLSÞ
2

2
þðEq�ETLSÞ2

dCðqÞ2 � 1
2
dC1 þ k2 cos2 hq cos2 hTLS

CðTLSÞ
1

sech2 ETLS

2kBT

� �
:

ð11Þ

The two approaches agree in the limit where they are both
expected to apply very well, namely when the decoherence
times of the TLS are much shorter than those of the qubit
[note that we are taking T = 0 in Eq. (10)]. Our results can
therefore be considered a generalization of those of the tra-
ditional weak-coupling approximation. We shall discuss
the range of validity of our results in Section 5.3.1.

We now turn to the finite temperature case. In addition
to treating k as a small parameter, one can also perform a
perturbative calculation to obtain the temperature depen-
dence of the decoherence rates in the low temperature limit.
In the general case where the qubit and TLS energy split-
tings are different and no assumption is made about the
relation between qubit and TLS decoherence rates, the
algebra is rather complicated, and the resulting expressions
contain a large number of terms. Therefore we only present
the results in the case where Eq = ETLS � E, which is the
case that we shall focus on in Section 5. In that case we find
the additional corrections to the relaxation and dephasing
rates to be given by

dCðqÞ1;T ¼ 0

dCðqÞ2;T ¼ k2e�E=kBT

0@4 cos2 hq cos2 hTLS

CðTLSÞ
1

:

� sin2 hq sin2 hTLSC
ðqÞ
1

CðTLSÞ
2 � CðqÞ2

� �
CðTLSÞ

2 � CðqÞ2 þ CðqÞ1

� �
1A:

ð12Þ

Note that the first term inside the parentheses agrees with
the expression given in Eq. (11) for the TLS contribution
to the dephasing rate. If the decoherence times of the
TLS are much shorter than those of the qubit, the second
term is negligible. A similar situation occurs when
Eq 5 ETLS, i.e., all the terms can be neglected except for
the one given in Eq. (11).

5. Numerical solution of the master equation

We now turn to the task of numerically analyzing the
effect of the TLS on the qubit with various choices of
parameters. We analyze any given case by first solving
Eq. (7) to find the density matrix of the combined
qubit + TLS system as a function of time. We then trace
out the TLS degree of freedom to find the (time-dependent)
density matrix of the qubit alone, which is perhaps most
easily visualized as a curve in the Bloch sphere [28]. We
then use the Hamiltonian of the qubit including the
mean-field correction contributed by the TLS as a pole of
reference in the Bloch sphere, from which we can extract
the dephasing and relaxation dynamics of the qubit. In
other words, we transform the qubit density matrix into
the qubit energy eigenbasis, such that the diagonal matrix
elements describe relaxation dynamics and the off-diagonal
matrix elements describe dephasing dynamics. The relaxa-
tion rate is then defined as the rate of change of the diago-
nal matrix elements divided by their distance from the
equilibrium value. The dephasing rate is defined similarly
using the off-diagonal matrix elements [29].

Since our main goal is to analyze the different possible
types of behaviour in the qubit dynamics, we have to iden-
tify the relevant parameters that determine the different
behaviour regimes. As discussed in Section 2, the energy
scales in the problem are the qubit and TLS energy split-
tings, their background decoherence rates (which are
related to the environment noise power spectrum), the
qubit–TLS coupling strength and temperature. Note that
if the difference between the two energy splittings is sub-
stantially larger than the coupling strength, the effect of
the TLS on the qubit dynamics diminishes rapidly. The
above statement is particularly true regarding the relaxa-
tion dynamics. We therefore consider only the case where
the two energy splittings are equal, i.e. Eq = ETLS. In other
words, we take the TLS to be on resonance with the qubit.
Furthermore, we take the energy splitting, which is the
largest energy scale in the problem, to be much larger than
all other energy scales, such that its exact value does not
affect any of our results. We take the temperature to be
much smaller than Eq, so that environment-assisted excita-
tion processes can be neglected. We are therefore left with
the background decoherence rates and the coupling
strength as free parameters that we can vary in order to
study the different possible types of behaviour in the qubit
dynamics.

5.1. Weak-coupling regimes

Although the discussion of the criterion that distin-
guishes between the weak and strong-coupling regimes is
deferred to Section 6, we separate the results of this section
according to that criterion. We start with the weak-coupling
regimes. In Figs. 1 and 2, we show, respectively, the relaxa-
tion and dephasing rates of the qubit as functions of time
for three different sets of parameters differing by the relation
between the qubit and TLS decoherence rates, maintaining
the relation CðaÞ2 ¼ 2CðaÞ1 , where CðaÞ1 and CðaÞ2 are the back-
ground relaxation and dephasing rates, i.e. those obtained
in the case k = 0, and the index a refers to qubit and TLS.
The case k = 0 is trivial, and we only show it as a point of
reference to demonstrate the changes that occur in the case
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k 5 0. All the curves shown in Figs. 1 and 2 agree very well
with the formulae that will be given below.

5.1.1. Relaxation dynamics

Characterizing the dynamics is most easily done by con-
sidering the relaxation dynamics. From Fig. 1 we can see
that in the case k 5 0, there are several possible types of
behaviour of the qubit depending on the choice of the dif-
ferent parameters in the problem. As a general simple rule,
which is inspired by Fig. 1(a), we find that for small values
of k the relaxation rate starts at its background value and
follows an exponential decay function with a characteristic
time given by ðCðTLSÞ

2 þ CðqÞ2 � CðqÞ1 Þ
�1, after which it satu-

rates at a steady-state value given by Eq. (10), with
Eq = ETLS:

dP exðtÞ=dt
P exðtÞ � P exð1Þ

� �CðqÞ1 �
k2 sin2 hq sin2 hTLS

2 CðTLSÞ
2 þ CðqÞ2 � CðqÞ1

� �
� 1� exp � CðTLSÞ

2 þ CðqÞ2 � CðqÞ1

� �
t

n o� �
:

ð13Þ

We can therefore say that the qubit relaxation starts with
an exponential-times-Gaussian decay function for a certain
period of time, after which it is well described by an expo-
nential decay function with a rate that incorporates the ef-
fects of the TLS, namely that given in Eq. (10). Clearly the
above picture is only valid when the expression for the
transient time given above is much smaller than 1=CðqÞ1 .
Furthermore, Eq. (13) is not well defined when
CðTLSÞ

2 þ CðqÞ2 � CðqÞ1 ¼ 0. However, even when the above
condition about the short transient time is not satisfied,
and even when the exponent in Eq. (13) becomes positive,
we find that for times of the order of the qubit relaxation
time, a very good approximation for the relaxation rate
is still given by Eq. (13). The reason why that is the case
can be seen from the expansion of Eq. (13) in powers of t:

dP exðtÞ=dt
P exðtÞ � P exð1Þ

� �CðqÞ1 �
1

2
k2 sin2 hq sin2 hTLSt; ð14Þ

which can be integrated to give:

P exðtÞ � expf�CðqÞ1 t � k2 sin2 hq sin2 hTLSt2=4g; ð15Þ

where we have assumed that Pex(0) = 1 and that Pex(1) is
negligibly small. Eq. (15) describes the initial decay for any
ratio of qubit and TLS decoherence times. Whether that
function holds for all relevant times or it turns into an
exponential-decay function depends on the relation be-
tween CðqÞ1 and CðTLSÞ

2 þ CðqÞ2 , as discussed above. In partic-
ular, in the case when the TLS decoherence rates are much
smaller than those of the qubit, Eq. (15) holds at all rele-
vant times, and the contribution of the TLS to the qubit
relaxation dynamics is therefore a Gaussian decay func-
tion. We also note here that the relaxation rate shows small
oscillations around the functions that we have given above.
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However, those oscillations have a negligible effect when
the rate is integrated to find the function Pex(t).

5.1.2. Dephasing dynamics

The dephasing dynamics was somewhat more difficult to
analyze. The dephasing rate generally showed oscillations
with frequency Eq, and the amplitude of the oscillations
grew with time, making it difficult to extract the dynamics
directly from the raw data for the dephasing rate. However,
when we plotted the averaged dephasing rate over one or
two oscillation periods, as was done in generating Fig. 2,
the curves became much smoother, and we were able to
fit those curves with the following simple analytic formula,
which we obtained in an analogous manner to Eq. (13):

1

q01

dq01

dt

� �
� �CðqÞ2 �

k2 sin2 hq sin2 hTLS

4ðCðTLSÞ
2 � CðqÞ2 Þ

� 1� exp � CðTLSÞ
2 � CðqÞ2

� �
t

n o� �
: ð16Þ

Starting from this point, the analysis of the dephasing
dynamics is similar to that of relaxation. When the deco-
herence rates of the TLS are much larger than those of
the qubit, the dephasing rate starts from its background
value but quickly reaches its steady-state value given by
Eq. (10). In the opposite limit, where the TLS decoherence
rates are much smaller than those of the qubit, a good
approximation is obtained by expanding Eq. (16) to first
order in t. In that case we find that:

q01ðtÞ � q01ð0Þ expf�CðqÞ2 t � k2 sin2 hq sin2 hTLSt2=8g: ð17Þ
5.2. Strong-coupling regime

In the strong-coupling regime corresponding to large
values of k, the qubit relaxation and dephasing rates as
plotted similarly to Figs. 1 and 2 show oscillations through-
out the period where the qubit is far enough from its ther-
mal equilibrium state. Therefore one cannot simply speak
of a TLS contribution to qubit decoherence. Analytic
expressions can be straightforwardly derived for the
dynamics in the limit where the coupling strength is much
larger than the decoherence rates. However, the algebra is
quite cumbersome, and the results are rather uninspiring.
Therefore, we shall not present such expressions here.

5.3. Further considerations

5.3.1. Comparison with traditional weak-coupling

approximation

To demonstrate the differences between our results and
those of the traditional weak-coupling approximation, we
plot in Fig. 3 the relaxation rate (at the end of the transient
time) as a function of the coupling strength k. A similar fig-
ure can be obtained for the dephasing rate, but we do not
include it here. Our numerical results agree with the pertur-
bation calculation of Section 4 (Eq. (10)) up to the point
where the coupling can be classified as strong, as will be
explained in Section 6. Therefore, we conclude that the
results of our perturbation calculation have a much wider
range of validity than those of the traditional weak-cou-
pling approximation. The more non-negligible the TLS
decoherence times are relative to those of the qubit, the lar-
ger the difference between the two approaches. Note that in
our perturbation-theory calculation we took the limit
where k is much smaller than all the decoherence rates in
the problem. It turns out, however, that the results of that
calculation are valid as long as k is substantially smaller
than the TLS decoherence rates, assuming those are sub-
stantially larger than the qubit decoherence rates. No spe-
cific relation is required between k and the qubit
decoherence rates in that case.

For further demonstration of the differences between the
predictions of the two approaches, we ran simulations of
an experiment where one would sweep the qubit energy
splitting and measure the relaxation and dephasing rates.
We used a TLS with the parameters of Fig. 3(a) and k rang-
ing from 0.15 to 0.5. In such an experiment, one would see
a peak in the relaxation and dephasing rates at the TLS
energy splitting. According to the traditional weak-cou-
pling approximation, the height of the dephasing peak
should be half of that of the relaxation peak. In the numer-
ical simulations with the above parameters, we see a devi-
ation from that prediction by about 25%. The relation
between the shapes of the two peaks agrees very well with
the expressions in Eq. (10). That difference would, in prin-
ciple, be measurable experimentally. Note, however, that
since we are dealing with an uncontrollable environment,
there is no guarantee that a TLS with the appropriate
parameters will be found in the small number of qubit sam-
ples available at a given laboratory.
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5.3.2. Two TLSs

In order to establish that our results are not particular to
single quantum TLSs, we also considered the case of two
TLSs that are both weakly coupled to the qubit. If we take
the two TLS energy splittings to be larger than the widths
of their frequency–domain correlation functions, we find
that the relaxation dynamics is affected by at most one
TLS, depending on the qubit energy splitting. The TLS
contributions to pure dephasing dynamics, i.e. that unre-
lated to relaxation, are additive, since that rate depends
on the zero-frequency noise. We then considered two TLSs
with energy splittings equal to that of the qubit. We found
that the TLS contributions to the qubit relaxation and
dephasing dynamics are additive in both the large and
small C(q)/C(TLS) limits. These results are in agreement with
those found in Ref. [30], where a related problem was
treated.

5.3.3. Entanglement

It is worth taking a moment here to discuss the question
of entanglement between the system and environment. It is
commonly said that in a Markovian master equation
approach the entanglement between a system and its sur-
rounding environment is neglected, a statement that can
be misinterpreted rather easily. In order to address that
point, we consider the following situation: we take the
parameters to be in the weak-coupling regime, where such
a discussion is meaningful. We take the qubit to be initially
in its excited state, with no entanglement between the qubit
and the TLS. We find that the off-diagonal matrix elements
of the combined system density matrix describing coher-
ence between the states j"q#TLSi and j#q"TLSi start from
zero at t = 0 and reach a steady state at the end of the tran-
sient time. Beyond that point in time, they decay with the
same rate as the excited state population. We therefore
conclude that the final relaxation rate that we obtain takes
into account the effects of entanglement between qubit and
TLS, even though the density matrix of the qubit alone
exhibits exponential decay behaviour.

6. Criteria for strong-coupling between qubit and two-level

system

There are a number of possible ways one can define the
criteria distinguishing between the weak and strong-cou-
pling regimes. For example, one can define a strongly cou-
pled TLS as being one that contributes a decoherence rate
substantially different from that given by some weak-cou-
pling analytic expression. One could also define a strongly
coupled TLS as being one that causes visible oscillations in
the qubit dynamics, i.e. one that causes the relaxation and
dephasing rates to change sign as time goes by. We shall
use the criterion of visible deviations in the qubit dynamics
from exponential decay as a measure of how strongly cou-
pled a TLS is.

Even with the above-mentioned criterion of visible devi-
ations in the qubit dynamics from exponential decay, one
still has to specify what is meant by visible deviations,
e.g. maximum single-point deviation or average value of
deviation. One also has to decide whether to use relaxation
or dephasing dynamics in that definition. We have used a
number of different combinations of the above and found
qualitatively similar results. Those results can essentially
be summarized as follows: a given TLS can be considered
to interact weakly with the qubit if the coupling strength
k is smaller than the largest (background) decoherence rate
in the problem. The exact location of the boundary, how-
ever, varies by up to an order of magnitude depending
on which part of the dynamics we consider and how large
a deviation from exponential decay we require.

We have also checked the boundary beyond which our
analytic expressions and numerical results disagree, and
we found that the boundary is similar to the one given
above. That result confirms the wide range of validity of
our analytic expressions. Note in particular that even if
the qubit–TLS coupling strength k is larger than the deco-
herence rates of the qubit, that TLS can still be considered
weakly coupled to the qubit, provided the TLS decoher-
ence rates are larger than k.

7. Conclusion

We have analyzed the problem of a qubit interacting
with a quantum TLS in addition to its coupling to a back-
ground environment. We have characterized the effect of
the TLS on the qubit decoherence dynamics for weak
and strong-coupling, as well as weakly and strongly dissi-
pative TLSs. We have found analytic expressions for the
contribution of a single TLS to the total decoherence rates
in the weak-coupling regimes, which is a much larger range
than just the weak-coupling limits. We recover the results
of the traditional weak-coupling approximation as a spe-
cial case of our results, namely for a weakly coupled
strongly dissipative TLS. We have found that weakly cou-
pled weakly dissipative TLSs exhibit memory effects by
contributing a non-exponential factor to the qubit decoher-
ence dynamics. We have verified that the contributions of
two TLSs to the qubit relaxation and dephasing rates are
additive in the weak-coupling limit. We have discussed
the transition from weak to strong-coupling and numeri-
cally found that the transition occurs when the qubit–
TLS coupling strength exceeds all the decoherence rates
in the problem.
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Abstract. We consider the problem of a qubit driven by a harmonically
oscillating external field while it is coupled to a quantum two-level system
(TLS). We perform a systematic numerical analysis of the problem by varying
the relevant parameters. The numerical calculations agree with the predictions of
a simple intuitive picture, namely one that takes into consideration the four-level
energy spectrum, the simple principles of Rabi oscillations and the basic effects of
decoherence. Furthermore, they reveal a number of other interesting phenomena.
We provide explanations for the various features that we observe in the numerical
calculations and discuss how they can be used in experiment. In particular, we
suggest an experimental procedure to characterize an environment of TLSs.
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1. Introduction

There have been remarkable advances in the field of superconductor-based quantum information
processing in recent years (there are now several reviews on the subject, see e.g. [1]). Coherent
oscillations and basic gate operations have been observed in systems of single qubits and two
interacting qubits [2]–[9]. One of the most important operations that are used in manipulating
qubits is the application of an oscillating external field on resonance with the qubit to drive Rabi
oscillations [3]–[6], [10]. A closely related problem with great promise of possible applications
is that of a qubit coupled to a quantum harmonic-oscillator mode [11]–[14].

Qubits are always coupled to uncontrollable degrees of freedom that cause decoherence in its
dynamics. One generally thinks of the environment as slowly reducing the coherence of the qubit,
typically as a monotonically decreasing decay function. In some recent experiments, however,
oscillations in the qubit have been observed that imply it is strongly coupled to quantum degrees
of freedom with long decoherence times [10, 15]. The effects of those degrees of freedom have
been successfully described by modelling them as quantum two-level systems (TLSs) [16]–[20].
Since, as mentioned above, Rabi oscillations are a simple and powerful method to manipulate
the quantum state of a qubit, it is important to understand the behaviour of a qubit that is
driven on or close to resonance in the presence of such a TLS. Furthermore, we shall show
below that driving the qubit close to resonance can be used to extract more parameters about an
environment of TLSs than has been done in experiment so far. The results of this study are also
relevant to the problem of Rabi oscillations in a qubit that is interacting with other surrounding
qubits.

Some theoretical treatments and analysis of special cases of the problem at hand were given
in [15, 19]. In this paper, we perform a more systematic analysis in order to reach a more complete
understanding of this phenomenon. We shall present a few simple physical principles that can
be used to understand several aspects of the behaviour of this system with different possible
choices of the relevant parameters. Those principles are (1) the four-level energy spectrum of the
qubit+TLS system, (2) the basic properties of the Rabi-oscillation dynamics and (3) the basic
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effects of decoherence. We shall then perform numerical calculations that will agree with that
intuitive picture and also will reveal other results that are more difficult to definitively predict
otherwise. Finally, we suggest an experimental procedure where the driven qubit dynamics can
be used to characterize the environment of TLSs.

The paper is organized as follows: in section 2, we introduce the model system and the
Hamiltonian that describes it. In section 3, we present a few simple arguments that will be used
as a foundation for our numerical analysis of section 4, which will confirm that intuitive picture
and reveal other less intuitively predictable results (note that a reader who is sufficiently familiar
with the subject matter can skip section 3). In section 5, we discuss how our results can be used
in experiment. We finally conclude our discussion in section 6.

2. Model system

The model system that we shall study in this paper is composed of a harmonically driven qubit,
a quantum TLS and their weakly coupled environment.3 We assume that the qubit and the TLS
interact with their own (uncorrelated) environments that would cause decoherence even in the
absence of qubit–TLS coupling. The Hamiltonian of the system is given by:

Ĥ(t) = Ĥq(t) + ĤTLS + Ĥ I + ĤEnv, (1)

where Ĥq and ĤTLS are the qubit and TLS Hamiltonians, respectively; Ĥ I describes the coupling
between the qubit and the TLS, and ĤEnv describes all the degrees of freedom in the environment
and their coupling to the qubit and TLS. The (time-dependent) qubit Hamiltonian is given by:

Ĥq(t) = −�q

2
σ̂(q)

x − εq

2
σ̂(q)

z + F cos(ωt)
(
sin θf σ̂

(q)
x + cos θf σ̂

(q)
z

)
, (2)

where �q and εq are the adjustable static control parameters of the qubit, σ̂(q)
α are the Pauli spin

matrices of the qubit, F and ω are the amplitude (in energy units) and frequency, respectively, of
the driving field, and θf is an angle that describes the orientation of the external field relative to
the qubit σ̂z axis. Although we have used a rather general form to describe the coupling between
the qubit and the driving field, we shall see in section 3 that one only needs a single, easily
extractable parameter to characterize the amplitude of the driving field. We assume that the TLS
is not coupled to the external driving field, and its Hamiltonian is given by:

ĤTLS = −�TLS

2
σ̂(TLS)

x − εTLS

2
σ̂(TLS)

z , (3)

where the definition of the parameters and operators is similar to those of the qubit, except that
the TLS parameters are uncontrollable. Note that our assumption that the TLS is not coupled
to the driving field can be valid even in cases where the physical nature of the TLS and the

3 We shall make a number of assumptions that might seem too specific at certain points. We have been careful,
however, not to make a choice of parameters that causes any of the interesting physical phenomena to disappear.
For a more detailed discussion of our assumptions, see [20].
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driving field leads to such coupling, since we generally consider a microscopic TLS, rendering
any coupling to the external field negligible.

The energy splitting between the two quantum states of each subsystem, in the absence of
coupling between them, is given by:

Eα =
√

�2
α + ε2

α, (4)

where the index α refers to either the qubit or the TLS. The corresponding ground and excited
states are, respectively, given by:

|g〉α = cos
θα

2
|↑〉α + sin

θα

2
|↓〉α, |e〉α = sin

θα

2
|↑〉α − cos

θα

2
|↓〉α, (5)

where the angle θα is given by the criterion tan θα = �α/εα. We take the interaction Hamiltonian
between the qubit and the TLS to be of the form:

Ĥ I = −λ

2
σ̂(q)

z
⊗ σ̂(TLS)

z , (6)

where λ is the (uncontrollable) coupling strength between the qubit and the TLS. Note that any
interaction Hamiltonian that is a product of a qubit observable times a TLS observable can be
recast into the above form using a simple basis transformation, keeping in mind that such a basis
transformation also changes the values of θq, θTLS and θf .

We assume that all the coupling terms in ĤEnv are small enough that its effect on the dynamics
of the qubit+TLS system can be treated within the framework of the markovian Bloch–Redfield
master equation approach. We shall use a noise power spectrum that can describe both dephasing
and relaxation with independently adjustable rates, and we shall present our results in terms of
those decoherence rates. For definiteness in the numerical calculations, we take the coupling of
the qubit and the TLS to their respective environments to be described by the operators σ̂(α)

z , where
α refers to the qubit and the TLS. Note, however, that since we use the relaxation and dephasing
rates to quantify decoherence, our results are independent of the choice of system–environment
coupling operators.

3. Intuitive picture

We start our analysis of the problem by presenting a few physical principles that prove very helpful
in intuitively predicting the behaviour of the above-described system. Note that the arguments
given in this section are well known [21, 22, 23]. For the sake of clarity, however, we present
them explicitly and discuss their roles in the problem at hand.

3.1. Energy levels and eigenstates

The first element that one needs to consider is the energy levels of the combined qubit+TLS
system. In order for a given experimental sample to function as a qubit, the qubit–TLS coupling
strength λ must be much smaller than the energy splitting of the qubit Eq. We therefore take that
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limit, as well as the limit λ � ETLS, and straightforwardly find the energy levels to be given by

E1 = −ETLS + Eq

2
− λcc

2
, E2 = −1

2

√(
ETLS − Eq

)2
+ λ2

ss +
λcc

2
,

E3 = +
1

2

√(
ETLS − Eq

)2
+ λ2

ss +
λcc

2
, E4 = +

ETLS + Eq

2
− λcc

2
,

(7)

where λcc = λ cos θq cos θTLS, λss = λ sin θq sin θTLS. The corresponding eigenstates are given by:

|1〉 = |gg〉, |2〉 = cos
ϕ

2
|eg〉 + sin

ϕ

2
|ge〉, |3〉 = sin

ϕ

2
|eg〉 − cos

ϕ

2
|ge〉, |4〉 = |ee〉,

(8)

where the first symbol refers to the qubit state and the second one refers to the TLS state in their
respective uncoupled bases, the angle ϕ is given by the criterion tan ϕ = λss/(ETLS − Eq), and
for definiteness in the form of the states |2〉 and |3〉 we have assumed that ETLS � Eq.

Note that the mean-field shift of the qubit resonance frequency, λcc, is present regardless
of the values of the qubit and TLS energy splittings. The avoided-crossing structure involving
states |2〉 and |3〉, however, is only relevant when the qubit and TLS energies are almost equal.
One can therefore use spectroscopy of the four-level structure to experimentally measure the
TLS energy splitting ETLS and angle θTLS, as will be discussed in more detail in section 5.

3.2. Rabi oscillations

If a TLS (e.g. a qubit) with energy splitting ω0, initially in its ground state, is driven by a
harmonically oscillating weak field with a frequency ω close to its energy splitting (up to a factor
of h̄) as described by equation (3), its probability to be found in the excited state at a later time
t is given by:

Pe = 	2
0

	2
0 + (ω − ω0)2

1 − cos(	t)

2
, (9)

where 	 =
√

	2
0 + (ω − ω0)2, and the on-resonance Rabi frequency 	0 = F |sin(θf − θq)| (we

take h̄ = 1) [23]. We therefore see that maximum oscillations with full g ↔ e conversion
probability are obtained when the driving is resonant with the qubit energy splitting. We also see
that the width of the Rabi peak in the frequency domain is given by 	0. Simple Rabi oscillations
can also be observed in a multi-level system if the driving frequency is on resonance with one
of the relevant energy splittings but off resonance with all others.

3.3. The effect of decoherence

In an undriven system, the effect of decoherence is to push the density matrix describing
the system towards its thermal-equilibrium value with timescales given by the characteristic
dephasing and relaxation times. The effects of decoherence, especially dephasing, can be thought
of in terms of a broadening of the energy levels. In particular, if the energy separation between the
states |2〉 and |3〉 of subsection 3.1 is smaller than the typical decoherence rates in the problem,
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any effect related to that energy separation becomes unobservable. Alternatively, one could say
that only processes that occur on a timescale faster than the decoherence times can be observed.

It is worth taking a moment to look in some more detail at the problem of a resonantly
driven qubit coupled to a dissipative environment, which is usually studied under the name of
Bloch-equations [23].4 If the Rabi frequency is much smaller than the decoherence rates, the
qubit will remain in its thermal equilibrium state, since any deviations from that state caused
by the driving field will be dissipated immediately. If, on the other hand, the Rabi frequency is
much larger than the decoherence rates, the system will perform damped Rabi oscillations, and
it will end up close to the maximally mixed state in which both states |g〉 and |e〉 have equal
occupation probability. In that case, one could say that decoherence succeeds in making us lose
track of the quantum state of the qubit but fails to dissipate the energy of the qubit, since more
energy will always be available from the driving field.

3.4. Combined picture

We now take the three elements presented above and combine them to obtain a simple intuitive
picture of the problem at hand.

Let us for a moment neglect the effects of decoherence and only consider the case ω ≈ ω0.
The driving field tries to flip the state of the qubit alone. However, two of the relevant eigenstates
are entangled states, namely |2〉 and |3〉. One can therefore expect that if the width of the
Rabi peak, or in other words the on-resonance Rabi frequency, is much larger than the energy
separation between the states |2〉 and |3〉, the qubit will start oscillating much faster than the
TLS can respond, and the initial dynamics will look similar to that of the uncoupled system.
Only after many oscillations and a time of the order of (E3 − E2)

−1 will one start to see the
effects of the qubit-TLS interaction. If, on the other hand, the Rabi frequency is much smaller
than the energy separation between the states |2〉 and |3〉, the driving field can excite at most one
of those two states, depending on the driving frequency. In that case the qubit-TLS interactions
are strong enough that the TLS can follow adiabatically the time evolution of the qubit. In the
intermediate region, one expects that if the driving frequency is closer to one of the two transition
frequencies E2 − E1 and E3 − E1, beating behaviour will be seen right from the beginning. If
one looks at the Rabi peak in the frequency domain, e.g. by plotting the maximum g ↔ e qubit-
state conversion probability as a function of frequency, the single peak of the weak-coupling
limit separates into two peaks as the qubit–TLS coupling strength becomes comparable to and
exceeds the on-resonance Rabi frequency.

We do not expect weak to moderate levels of decoherence to cause any qualitative changes in
the qubit dynamics other than, for example, imposing a decaying envelope on the qubit excitation
probability. As mentioned above, features that are narrower (in frequency) than the decoherence
rates will be suppressed the most. Note that if the TLS decoherence rates are large enough [20],
the TLS can be neglected and one recovers the single Rabi peak with a height determined by the
qubit decoherence rates alone.

4. Numerical results

In the absence of decoherence, we find it easiest to treat the problem at hand using the dressed-
state picture [22]. In that picture one thinks of the driving field mode as being quantized, and

4 For studies of certain aspects of this problem in superconducting qubits see [24].
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|1,N 〉

|3,N –1〉

|2,N –1〉

|4,N –2〉

Figure 1. Left: energy levels and direct transitions between them in the dressed-
state picture. Right: energy splittings separated according to their physical origin.

processes are described as involving the absorption and emission of quantized photons by the
qubit+TLS combined system. We take the frequency of the driving field to be close to the qubit
and TLS energy splittings. For simplicity, we take those to be equal. We shall come back to the
general case later in this section. Without going over the rather simple details of the derivation,
we show the four relevant energy levels and the possible transitions in figure 1. The effective
Hamiltonian describing the dynamics within those four levels is given by:

Ĥ eff =




0 	′
0 	′

0 0

	′
0 −δω + λcc − λss/2 0 	′

0

	′
0 0 −δω + λcc + λss/2 −	′

0

0 	′
0 −	′

0 −2δω




(10)

where 	′
0 = 	0/23/2, 	0 is the on-resonance Rabi frequency in the absence of qubit–TLS

coupling, δω = ω − ω0, and the Hamiltonian is expressed in the basis of states (|1, N〉,
|2, N − 1〉, |3, N − 1〉 and |4, N − 2〉), where N is the number of photons in the driving field.
We take the low temperature limit, which means that we can take the initial state to be |1, N〉
without the need for any extra initialization. We can now evolve the system numerically and
analyse the dynamics. After we find the density matrix of the combined qubit+TLS system as
a function of time, we can look at the dynamics of the combined system or that of the two
subsystems separately, depending on which one provides more insightful information.

We start by demonstrating the separation of the Rabi peak into two peaks as the qubit–TLS
coupling strength is increased. As a quantifier of the amplitude of Rabi oscillations, we use the
maximum probability for the qubit to be found in the excited state between times t = 0 and
t = 20π/	0, and we refer to that quantity as P

(q)

↑,max. In figure 2, we plot P
(q)

↑,max as a function of
renormalized detuning δω/	0. As was explained in section 3, the peak separates into two when
the qubit–TLS coupling strength exceeds the on-resonance Rabi frequency, up to simple factors
of order one. The system also behaves according to the explanation given in section 3 in the
weak- and strong-coupling limits. When λ is substantially smaller than 	0, oscillations in the
qubit state occur on a timescale 	−1, where 	 is the Rabi frequency defined in subsection 3.2,
whereas the beating behaviour occurs on a timescale (E3 − E2)

−1. When λ is more than an order
of magnitude smaller than 	0, the effects of the TLS are hardly visible in the qubit dynamics
within the time given above. On the other hand, when λ is large enough such that the energy
difference E3 − E2 is several times larger than 	0, the dynamics corresponds to exciting at
most one of the two eigenstates |2〉 and |3〉. We generally see that beating behaviour becomes
less pronounced when the driving frequency is equal to the qubit energy splitting including the
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Figure 2. Maximum qubit excitation probability P
(q)

↑,max between t = 0 and
t = 20π/	0 for λ/	0 = 0.5 (a), 2 (b), 2.5 (c) and 5 (d). θq = π/4 and θTLS = π/6.

TLS-mean-field shift, i.e. when ω =
√

�2
q + (εq + λcc)2, which corresponds to the top of the

unsplit single peak or the midpoint between the two separated peaks.
We also see some interesting features in the peak structure of figure 2 that were not discussed

in section 3. In the intermediate-coupling regime (figures 2(b) and (c)), we see a peak that reaches
unit height, i.e. a peak that corresponds to full g ↔ e conversion in the qubit dynamics at δω = 0.
The asymmetry between the two main peaks in figure 2, as well as the additional dips in the
double-peak structure, were also not immediately obvious from the simple arguments of section 3.
In order to give a first explanation of the above features, we plot in figure 3 a curve similar to
that in figure 2(b) (with different θTLS), along with the same quantity plotted when the eigenstate
|4, N − 2〉 is neglected, i.e. by using a reduced 3 × 3 Hamiltonian where the fourth row and
column are removed from Ĥ eff . In the three-state calculation, there is no δω = 0 peak, the two
main peaks are symmetric, but we still see some dips. We also plot in figure 4 the qubit excitation
probability as a function of time for the four frequencies marked by vertical dashed lines in
figure 2(b).

By looking at figure 1, one might say that the δω = 0 peak clearly corresponds to a two-
photon process coupling states |1〉 and |4〉. In fact, for further demonstration that this is the
case, we have included in figure 4 the probability of the combined qubit+TLS system to be
in state |4〉. This peak is easiest to observe in the intermediate coupling regime. In the weak-
coupling limit, the qubit and TLS are essentially decoupled, especially on the timescale of
qubit dynamics. In the strong coupling limit, one can argue that a Raman transition will give
rise to that peak. However, noting that the width of that peak is of the order of the smaller of the
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Figure 3. Maximum qubit excitation probability P
(q)

↑,max between t = 0 and
t = 20π/	0 for the four-level system (solid line) and the reduced three-level
system (dashed line). λ/	0 = 2, θq = π/4 and θTLS = π/5.
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Figure 4. Qubit excitation probability P
(q)

↑ as a function of time (solid line) for
δω/	0 = 0 (a), 0.92 (b), 1.61 (c) and 1.77 (d). The dashed line is the occupation
probability of state |4, N − 2〉. λ/	0 = 2, θq = π/4 and θTLS = π/5.
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values 	2
0/λss and 	2

0/λcc, we can see that it becomes increasingly narrow in that limit. In other
words, the virtual intermediate state after the absorption of one photon is far enough in energy
from the states |2〉 and |3〉 to make the peak invisibly narrow. It is rather surprising, however,
that in the intermediate-coupling regime the peak reaches unit g ↔ e conversion probability,
even though the transitions to states |2〉 and |3〉 are real, rather than being virtual transitions
whose role is merely to mediate the coupling between states |1〉 and |4〉. We have verified that
the (almost) unit height of the peak is quite robust against changes in the angles θq and θTLS for
a wide range in λ, even when that peak coincides with the top of one of the two main peaks. In
fact, the Hamiltonian Ĥ eff can be diagonalized rather straightforwardly in the case δω = 0, and
one can see that there is no symmetry that requires full conversion between the states |1, N〉 and
|4, N − 2〉. The lack of any special relations between the energy differences in the eigenvalues
of Ĥ eff , however, suggests that almost full conversion should be achieved in a reasonable amount
of time.

The asymmetry between the two main peaks in figures 2 and 3 can also be explained by
the fact that in one of those peaks state |4〉 is also involved in the dynamics and it increases
the quantity P

(q)

↑,max. As above, we have included in figures 4(b) and (c) the probability of the
combined qubit+TLS system to be in state |4〉.

In order to explain the dips in figures 2 and 3, we note that the plotted quantity, P
(q)

↑,max,
is the sum of four terms (in the reduced three-level system): a constant and three oscillating
terms. The frequencies of those terms correspond to the energy differences in the diagonalized
3 × 3 Hamiltonian. The dips occur at frequencies where the two largest frequencies are integer
multiples of the smallest one. Away from any such point, P

(q)

↑,max will reach a value equal to the
sum of the amplitudes of the four terms. Exactly at those points, however, such a constructive
build-up of amplitudes is not always possible, and a dip is generally obtained. The width of that
dip decreases and vanishes asymptotically as we increase the simulation time, although the depth
remains unaffected.

We also studied the case where the qubit and TLS energy splittings were different. As can be
expected, the effects of the TLS decrease as it moves away from resonance with the qubit. That
is most clearly reflected in the two-peak structure, where one of the two main peaks becomes
substantially smaller than the other. The two-photon peak was still clearly observable in plots
corresponding to the same quantity plotted in figure 2, i.e. plots of P

(q)

↑,max versus δω/	0, even
when the detuning between the qubit and the TLS was a few times larger than the coupling
strength and the on-resonance Rabi frequency.

The truncated dressed-state picture with four energy levels is insufficient to study the effects
of decoherence. For example, relaxation from state |2〉 to |1〉 does not necessarily have to involve
emission of a photon into the driving-field mode. We therefore study the effects of decoherence
by treating the driving field classically. We then solve a Bloch–Redfield master equation with a
time-dependent Hamiltonian and externally imposed dephasing and relaxation times, as was done
in [20]. In figure 5 we reproduce the four-level results of figure 3, i.e. P

(q)

↑,max versus δω/	0 with
no decoherence, along with the same quantity obtained when we take into account the effects of
decoherence. For a moderate level of decoherence, we see that the qubit excitation probability is
somewhat reduced and all the features that are narrower than the decoherence rates are suppressed
partially or completely by the effects of decoherence. For large qubit decoherence rates, the qubit
excitation probability is greatly reduced close to resonance, where the Rabi frequency 	 takes
its lowest values. The shallow dip in the dash-dotted line in figure 5 occurs because for those
frequencies and in the absence of decoherence the maximum amplitude is only reached after
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Figure 5. Maximum qubit excitation probability P
(q)

↑,max between t = 0 and
20π/	0. The solid line corresponds to the case of no decoherence. The
dotted (�(q)

1,2 = 0.1	0/2π and �
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1,2 = 0.2	0/2π), dashed (�(q)

1,2 = 0 and �
(TLS)
1,2 =

2	0) and dash-dotted (�(q)

1,2 = 	0 and �
(TLS)
1,2 = 0) lines correspond to different

decoherence regimes. λ/	0 = 2, θq = π/4 and θTLS = π/5. �
(α)
1 and �

(α)
2 are the

relaxation and dephasing rates of the subsystem α, respectively.

several oscillations, whereas it is reached during the first few oscillations outside that region. For
large TLS decoherence rates, the TLS becomes weakly coupled to the qubit, and a single peak
is recovered in the qubit dynamics (with a height larger than either the two split peaks). All of
these effects are in agreement with the simple picture presented in section 3.

5. Experimental considerations

In the early experiments on phase qubits coupled to TLSs [10, 15], the qubit relaxation rate
�

(q)

1 (∼40 MHz) was comparable to the splitting between the two Rabi peaks λss (∼20–70 MHz),
whereas the on-resonance Rabi frequency 	0 was tunable from 30 to 400 MHz (note that,
as discussed in section 3, the Rabi frequency cannot be reduced to values much lower than
the decoherence rates, or Rabi oscillations would disappear altogether). The large relaxation
rates in those experiments would make several effects discussed in this paper unobservable.
The constraint that 	0 could not be reduced below 30 MHz made the strong-coupling regime,
where 	0 � λss, inaccessible. The weak-coupling regime, where 	0 	 λss, was easily accessible
in those experiments. However, as can be seen from figure 2, it shows only a minor signature
of the TLS. Although the intermediate-coupling regime was also accessible, as evidenced by
the observation of the splitting of the Rabi peak into two peaks, observation of the two-photon
process and the additional dips of figure 2 discussed above would have required a time at least
comparable to the qubit relaxation time. That would have made them difficult to distinguish from
experimental fluctuations.
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With the new qubit design of [25], the qubit relaxation time has been increased by a factor
of 20. The constraint that 	0 must be at least comparable to �

(q)

1,2 no longer prevents accessibility
of the strong-coupling regime. Furthermore, since our simulations were run for a period of time
corresponding to approximately ten Rabi oscillation cycles, i.e. shorter than the relaxation time
observed in that experiment, all the effects that were discussed above should be observable,
including the observation of the two-photon peak and the transition from the weak- to the strong-
coupling regimes by varying the driving amplitude.

We finally consider one possible application of our results to experiments on phase qubits,
namely the problem of characterizing the environment composed of TLSs. As we shall show
shortly, characterizing the TLS parameters and the nature of the qubit–TLS coupling are not
independent questions. The energy splitting of a given TLS, ETLS, can be obtained easily from
the location of the qubit-TLS resonance as the qubit energy splitting is varied. One can then
obtain the distribution of values of ETLS for a large number of TLSs, as was in fact done in [25].
The splitting of the Rabi resonance peak into two peaks by itself, however, is insufficient to
determine the values of �TLS and εTLS separately. By observing the location of the two-photon
peak, in addition to the locations of the two main peaks, one would be able to determine both λcc

and λss for a given TLS, as can be seen from figure 1. Those values can then be used to calculate
both ETLS and θTLS ≡ arctan(�TLS/εTLS) of that TLS. The distribution of values of θTLS can then
be used to test models of the environment, such as the one given in [17] to describe the results
of [26].

In order to reach the above conclusion, we have made the assumption that the distribution
of values of θTLS for those TLSs with sufficiently strong coupling to the qubit is representative
of all TLSs. Since it is generally believed that strong coupling is a result of proximity to the
junction, the above assumption is quite plausible, as long as the other TLSs share the same
nature. Although it is possible that there might be two different types of TLSs of different nature
in a qubit’s environment, identifying that possibility would also be helpful in understanding the
nature of the environment. We have also assumed that θq does not take the special value π/2
(note that, based on the arguments of [17, 26], we are also assuming that generally θTLS �= π/2).
That assumption would not raise any concern when dealing with charge or flux qubits, where
both �q and εq can be adjusted in a single experiment, provided an appropriate design is used.
However, the situation is trickier with phase qubits. The results in that case depend on the nature
of the qubit–TLS coupling, which we discuss next.

The two mechanisms that are currently considered the most likely candidates to describe
the qubit–TLS coupling are through either (i) a dependence of the Josephson junction’s critical
current on the TLS state or (ii) Coulomb interactions between a charged TLS and the charge
across the junction. In the former case, one has an effective value of θq that is different from
π/2 (further arguments regarding the value of θq are given in [27]), and the assumption of an
intermediate value of θq is justified. In the case of coupling through Coulomb interactions, on the
other hand, one effectively has θq = π/2, and therefore λcc vanishes for all the TLSs. In that case
the two-photon peak would always appear at the midpoint (to a good approximation) between
the two main Rabi peaks. Although that would prevent the determination of the distribution
of values of θTLS, it would be a strong indication that Coulomb interactions with the charge
across the junction are responsible for the qubit–TLS coupling rather than the critical current
dependence on the TLS state. Note also that if it turns out that this is in fact the case, and the
distribution of values of θTLS cannot be extracted from the experimental results, that distribution
might be irrelevant to the question of decoherence in phase qubits.
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6. Conclusion

We have studied the problem of a harmonically driven qubit that is interacting with an
uncontrollable TLS and a background environment. We have presented a simple picture to
understand the majority of the phenomena that are observed in this system. That picture is
composed of three elements: (i) the four-level energy spectrum of the qubit+TLS system, (ii)
the basic properties of the Rabi-oscillation dynamics and (iii) the basic effects of decoherence.
We have confirmed the predictions of that picture using a systematic numerical analysis where
we have varied a number of relevant parameters. We have also found unexpected features in the
resonance-peak structure. We have analysed the behaviour of the system and provided simple
explanations in those cases as well. Our results can be tested with available experimental systems.
Furthermore, they can be used in experimental attempts to characterize the TLSs surrounding a
qubit, which can then be used as part of possible techniques to eliminate the TLSs’ detrimental
effects on the qubit operation.
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Quantum Two-Level Systems in Josephson Junctions as Naturally Formed Qubits
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The two-level systems (TLSs) naturally occurring in Josephson junctions constitute a major obstacle for
the operation of superconducting phase qubits. Since these TLSs can possess remarkably long decoher-
ence times, we show that such TLSs can themselves be used as qubits, allowing for a well controlled
initialization, universal sets of quantum gates, and readout. Thus, a single current-biased Josephson
junction can be considered as a multiqubit register. It can be coupled to other junctions to allow the
application of quantum gates to an arbitrary pair of qubits in the system. Our results indicate an alternative
way to realize superconducting quantum information processing.

DOI: 10.1103/PhysRevLett.97.077001 PACS numbers: 85.25.Dq, 03.67.Lx, 85.25.Cp

Several advances in the field of quantum information
processing using superconducting circuits have been made
in recent years [1]. A major obstacle to further advances,
however, is the problem of decoherence. In particular,
recent experiments on current-biased Josephson junctions
(CBJJs) revealed resonances that suggest the presence of
quantum two-level systems (TLSs) that are strongly
coupled to the CBJJ when it is biased near one of those
resonances [2,3]. So far, the TLSs have been treated as a
nuisance that prevent the operation of the CBJJ as a qubit
near any resonance. In this Letter, we show that the TLSs
themselves can be used as qubits. The CBJJ then acts as a
bus, enabling state initialization, one- and two-qubit op-
erations, and readout. Moreover, the results of Refs. [2,3]
show that the decoherence times of the TLSs are longer
than those of the CBJJ. That property can be used in a
scalable design such that the decoherence time of the entire
system scales as the CBJJ decoherence time TCBJJ

d , as
opposed to the usual TCBJJ

d =N, where N is the number of
CBJJs in the circuit. Our results therefore demonstrate an
alternative way to achieve a scalable qubit network in a
superconducting system, in addition to illustrating a
method to perform multiqubit experiments with available
experimental capabilities.

Model.—The phase qubit, which is comprised of a
single CBJJ, is one of the simplest experimental imple-
mentations of a qubit in superconducting systems [1,4].
The working states j0i and j1i are the (metastable) ground
and first excited states in a local minimum of the wash-
board potential produced by the CBJJ. The (undriven)
system is described by the Hamiltonian

 H �
Q̂2

2C
�
Ic�0

2�
cos’̂�

Ib�0

2�
’̂ �

@!10

2
�z: (1)

Here Q̂ is the operator of the charge on the junction, C is
the junction’s capacitance, ’̂ is the operator of the
Josephson phase difference, and Ic and Ib�� Ic� are the
critical and bias currents, respectively. The nonlinearity

of the potential allows one to consider only the two low-
est energy states. The Pauli matrix �z operates in the
subspace fj0i; j1ig. The transition frequency !10 � !p �

�2�Ic=�0C�
1=2�1� j2�1=4, the plasma frequency in the

biased junction (the corrections due to nonlinearity are
�10%), and j � Ib=Ic (see, e.g., [4]). The terms in the
Hamiltonian proportional to �x and �y, which enable a
complete set of one-qubit gates, appear in the rotated frame
of reference when applying microwave pulses of bias
current at the resonance frequency, Ib ! IDC � I�wc�t�	
cos�!10t� � I�ws�t� sin�!10t�, as explained in Ref. [4].

The simplicity of the qubit design and manipulation
contributed to its successful experimental realization
[1,2] and a spectroscopic demonstration of the formation
of entangled two-qubit states [5]. Nevertheless, the experi-
ment in Ref. [2] also demonstrated that TLSs present in the
tunneling barrier tend to destroy the coherent operation of
the qubit (such as Rabi oscillations).

Such TLSs are ubiquitous in solid state systems wher-
ever disorder is present and can be thought of as groups of
atoms capable of tunneling through a potential barrier
between two degenerate configurations. They are currently
believed to be the main source of 1=f noise in solids.

The observed coherent oscillations between a TLS and a
phase qubit [6] proved that a TLS can be considered as a
coherent quantum object described by the pseudospin
Hamiltonian

 HTLS � �
�

2
~�x �

�
2

~�z; (2)

with a decoherence time longer than that of the qubit. The
Pauli matrices ~�x and ~�z operate on the TLS states. Note
that, since the nature of the TLSs is currently unknown, one
cannot derive the values of the TLS parameters from first
principles. As will become clear below, however, neither a
derivation of those parameters nor an understanding of
their physical origin is necessary in order to make use of
the TLSs.
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Although the available experimental data give rather
limited information about the TLS-TLS interaction, it is
highly unlikely that the TLSs interact directly with each
other or with the external fields, because of their suppos-
edly microscopic dipole moments and relatively large spa-
tial separation.

The TLS-CBJJ coupling is believed to be due to one of
the following mechanisms: (A) through the critical current
dependence on the TLS position [2] or (B) the direct dipole
coupling to the junction charge Q̂ (which is currently
considered more likely) [3,7]:

 Ĥ �A�int � �
Ic�0

2�
�Ic
2Ic

cos�~�z; Ĥ�B�int � �Q̂~�z: (3)

Both produce the coupling term hx�x ~�z. In addition, in the
former case there appears an hz�z ~�z term, which reflects
the change in the interlevel spacing !10 due to the plasma
frequency dependence on the bias. The ratio � 
 hz=hx �
�EC=2EJ�

1=4�1� j2��5=8, where EC � 2e2=C and EJ �
Ic�0=2�. If �EC=2EJ� � 10�7 (achievable using the ex-
ternal capacitor technique [3]) and j � 0:90, then � �
0:05 [8].

Hereafter, we consider the case where �� 1.
Otherwise, the effective TLS-CBJJ decoupling is impos-
sible even when out of resonance (on the positive side, this
effect would provide the means to definitively establish the
mechanism of TLS-CBJJ coupling). Then, performing a
basis transformation on the TLS states, relabeling ��2 �

�21=2 ! �, and using the rotating-wave approximation,
we finally obtain the effective Hamiltonian for the TLS-
CBJJ system:

 Ĥ � �
@!10

2
�z �

X
j

�
�j

2
~�jz � 	j�x ~�jx

�
; (4)

with the effective coupling coefficients 	j. The coupling
term acts only in resonance, when j@!10 ��jj< 	j.

The Hamiltonian (4) was derived under the experimen-
tally relevant assumption that the coupling 	� @!10 �

�. We neglected a term of the form ��x ~�jz in Eq. (4),
because its influence on the system’s dynamics is negli-
gible when �� @!10 and �2=@!10 � 	.

Qubit operations.—The interlevel spacing @!10 is tuned
by the bias current, which, together with the resonant
behavior of the TLS-CBJJ coupling, allows the indepen-
dent manipulation of each TLS (due to the natural disper-
sion of their characteristic energies �j). The condition
	� �, @!10 allows us to consider changes in the bias
current as adiabatic from the point of view of internal CBJJ
and TLS evolution but instantaneous with respect to the
CBJJ-TLS dynamics.

First, consider the single-qubit operations, assuming for
the time being that the decoherence times of the TLSs T�j�d
exceed the decoherence time of the CBJJ TCBJJ

d , which in
turn is much larger than the characteristic interaction time
@=	. On resonance with the jth TLS, the Hamiltonian (4)

contains a block that acts as �	j�x in the subspace of
degenerate states fj1i � jgi; j0i � jeig. Its operation leads
to quantum beats between the states of the TLS and the
CBJJ [see Fig. 1 (inset)], with the period 
j 
 @=	j, as was
observed in Ref. [2]. Therefore, single-qubit operations on
a TLS and its initialization to an arbitrary state can be
achieved as follows: After initializing the CBJJ in the state
j0i, we bring it in resonance with the TLS for the duration

j=2; as a result, the states of TLS and qubit are swapped:

 

j0i���jgi��jei�!ei��=2���ei��=2��1��=	�j0i��j1i��jgi:

(5)

Then the CBJJ is taken out of resonance with the TLS, a
rotation of its state is performed, and the resulting state is
again transferred to the TLS [always compensating for the
parasite phase shifts �2 �1� �=	�]. The readout of the qubit
state can be performed after the swap (5), e.g., by using the
technique of Ref. [6], where the transition to the resistive
state, with its potentially problematic coupling to the TLSs,
is avoided. The decoherence time T�j�d can be determined
using a similar sequence of operations, by initializing the
TLS in a superposition state, decoupling it from the CBJJ,
and measuring the probability to find the TLS in a given
state after a given time. Note also that if the Rabi frequency
of CBJJ greatly exceeds the TLS-CBJJ coupling, the ma-
nipulations with the state of the CBJJ can be performed
while in resonance with a TLS, reducing the overall op-
eration time [9].

FIG. 1 (color online). Fidelity of the ISWAP gate on two TLS
qubits in a CBJJ as a function of the relative difference between
the TLS energy splittings (�1 and �2, respectively). The solid
line corresponds to no decoherence; the dashed and dotted lines
correspond to CBJJ decoherence rates �1 � 	=20� and �1 �
	=2�, respectively, where in both cases �2 � 2�1. The much
slower decoherence of the TLSs have been neglected. 	 �
0:005�1. Inset: Schematic depiction of the quantum beats be-
tween the CBJJ and the TLS1 in resonance; TLS2 is effectively
decoupled from the CBJJ.
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Note that as soon as the CBJJ is biased away from the
resonance with the TLS, they effectively decouple, and any
perturbation of the quantum state of the CBJJ does not
affect the survival of quantum coherence in the TLS.
Therefore, the quality factor (the number of gates, of
average duration 
gate, that can be performed in the system
before it loses quantum coherence) is no less than
TCBJJ
d =
gate and can exceed this value depending on the

specific decoherence decay law.
The application of two-qubit gates between two TLSs

inside the same CBJJ can be achieved similarly. For ex-
ample, the universal ISWAP gate can be performed by the
following sequence of operations: Tune the CBJJ in reso-
nance with TLS1 for 
1=2, then tune it in resonance with
TLS2 for 
2=2, and finally again in resonance with TLS1

for 
1=2. (In the process, each TLS qubit was also rotated
by�=2 around the z axis, which can be trivially repaired by
performing the single-qubit rotation as described in the
previous paragraph.) At the end of the above sequence,
the CBJJ is decoupled and disentangled from both TLSs.

Numerical estimates.—The idealized picture of two-
qubit operations neglected (i) the finite detuning between
TLS qubits, (ii) the influence of other TLSs in the CBJJ,
(iii) decoherence, and (iv) the finite time of the CBJJ bias
current adjustment. We numerically investigated the im-
pact of these on the fidelity F:

 F � minimumj�ii
�h�ijU

y
ideal�fUidealj�ii�; (6)

where j�ii is an initial state, Uideal is the (ideal) desired
operation, and �f is the numerically obtained final density
matrix. [Note that the quantity inside the parentheses in
Eq. (6) depends on the initial state.]

In the numerical simulations, we took the ISWAP opera-
tion as a representative quantum gate and used 900 different
initial states. The results are as follows (see Fig. 1): For two
TLS qubits, with 	1 � 	2 � 0:005�1 (values close to the
experimental data [2,6]), the fidelity first reaches 90%,
when � 
 j�1 ��2j � 3:5	, and 99%, when � � 10	.
When � � 8	, the fidelity is 98.8%. Adding an idle TLS
with 	 � 0:002�1 in resonance with one of the qubit TLSs
reduces the fidelity to 80% (94% for 	 � 0:001�1).
Finally, with two qubit TLSs with reduced energies 1 and
1.04, four idle TLSs with reduced energies 0.99, 1.01, 1.03,
and 1.05, and the reduced coupling strengths 	qubit �

0:005 and 	idle � 0:002, respectively, we find that the
fidelity of the ISWAP gate � 95%. Therefore, we conclude
that the finite detuning and presence of idle TLSs per se is
not dangerous.

We now take into account the decoherence in the CBJJ,
neglecting the much weaker one in the TLSs. The ISWAP

fidelity with � � 8	j and without idle TLSs is 81% when
�1 � �1=2��2 � 	=20�, but it drops to 13% when �1 �
�1=2��2 � 	=2�.

Finally, we now consider the effects of a finite CBJJ bias
switching time between the resonant frequencies of the
TLSs. Taking a simple linear ramp with t � 2 ns and no

pulse optimization, and neglecting decoherence, we find
that the fidelity drops to 80%. Finite decoherence �1 �
�1=2��2 � 	=20� further suppresses it to 63%. The above
estimates show that the operation of the proposed two-
qubit gate can be realized with the current experimental
techniques used, e.g., in Ref. [3].

Scalability.—To ensure the scalability of the system, we
must be able to perform two-qubit gates on TLSs located in
different CBJJs. It can be done by swapping the states of
the capacitively coupled adjacent CBJJs like in Ref. [10],
but a better solution is based on the method suggested in
Ref. [11]. Here the qubit-carrying CBJJs are coupled ca-
pacitively to a common linear LC circuit with resonance
frequency !0 much higher than the characteristic frequen-
cies of separate CBJJs (Fig. 2).

The Lagrangian of the system is

 L �
C0

_�2
0

2
�
XN
j�1

�Cj _�2
j

2
�
C0j� _�j � _�0�

2

2

�
�
�2

0

2L0

�
XN
j�1

�
�Ij�j � Ej cos

2e�j

@

�



1

2

XN
j;k�0

Cjk _�j
_�k �U�f�g�; (7)

where _�j�t� 
 Vj�t�, the voltage between node j and the
ground. The corresponding Hamiltonian becomes

 H �
1

2

XN
j;k�0

C�1
jk p̂jp̂k �

1

2

XN
j�0

!2
j

C�1
jj

�̂2
j � � � � ;

where �̂ � �@=2e�’̂ [see Eq. (1)], ��̂j; p̂j � i@, C�1 is the
inverse capacitance matrix, !0 is the frequency of the LC
bus, !j is the frequency of the jth CBJJ in the harmonic
approximation, and the ellipsis stands for the nonlinear
corrections. After introducing the Bose operators a and
ay via �̂j � �j�aj � a

y
j �=2, p̂j � @�aj � a

y
j �=�i�j�,

�j � ��2@C
�1
jj �=!j�

1=2, the Hamiltonian becomes

FIG. 2. Scalability of the structure: Two-qubit operations be-
tween the TLSs on different CBJJs (j � 1; . . . ; N) are enabled by
the common LC circuit, which is capacitively coupled to the
CBJJs. The Josephson energy, capacitance, and bias current of
the jth CBJJ are Ej, Cj, and Ij, respectively.
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H �
XN
j�0

@!j

�
ayj aj �

1

2

�

�
XN

k>j�0

gjk�aj � a
y
j ��ak � a

y
k � � � � �

with the effective coupling

 gjk � @�!j!k�
1=2C�1

jk =�2�C
�1
jj C

�1
kk �

1=2 :

By assumption, !0 � !j, j � 1; . . . ; N. Therefore, the
Hamiltonian can be projected on the ground state of the LC
bus [11]. The nonlinearity of the CBJJ allows us to further
restrict the Hamiltonian to the subspace spanned by the
states j0i and j1i of each CBJJ, producing

 Heff �
1

2

XN
j�1

@!j�
j
z �

XN
k>j�1

gjk�
j
y�ky: (8)

In the interaction representation with respect to H0 �
1
2

PN
j�1 @!j�

j
z, it is easy to see that �jy�t� � �jy�0�	

cos!jt� �
j
x�0� sin!jt [12]. Therefore, the pairwise cou-

plings in (8) will be effective only for the CBJJs tuned in
resonance with each other, in which case (!j � !k) the

effective interaction term is ~Hjk
eff � gjk��

j
x�kx � �

j
y�ky�=2.

On the subspace spanned by the states j0ij � j1ik and
j1ij � j0ik, the operator ��jx�kx � �

j
y�ky�=2 acts as �x

(while it is exactly zero outside). Therefore, this coupling
allows the same universal two-CBJJ manipulations as in
Ref. [10]. Universal two-qubit gates on TLSs situated in
different CBJJs can then be performed by transferring the
states of the TLS1;2 to the corresponding CBJJ1;2, perform-
ing the two-qubit operations on the states of CBJJ1;2, and
retransferring the resulting states back to the TLSs.

The number of TLS per CBJJ is of the order of 10 and
depends on the fabrication. The decoherence times of TLSs
are determined by their local environment and are insensi-
tive to the number of CBJJs linked to the same LC circuit.
Similarly, the influence of the LC circuit on the decoher-
ence of the CBJJ is negligible as long as !0 � !10 �!p

[4], the same requirement we need to obtain the coupling
~Hjk

eff . Therefore, the scalability of the system is limited by
the condition �L�C0 � NC

0
1;eff�

�1 � Ic=��0C1, or, to the
same accuracy, N � ��0=LIc�C1=C01. Therefore, N can
be of the order of a few dozen without violating the
applicability conditions for the above scalable design.

The usefulness of TLSs for our purpose could be ques-
tioned because their parameters undergo spontaneous
changes. Nevertheless, since such changes typically hap-
pen on the scale of days [13], a prerun calibration is
sufficient for any realistic task. Another concern that could
be raised is the fact that any operation on the TLSs is done
through the CBJJ, so that the latter’s decoherence must be a
limiting factor on the number of operations that can be
performed on the TLSs, no matter how long their decoher-

ence times are. However, an important point to note here is
that, in the above design with N CBJJs, only one or two of
them are used during any gate operation. Therefore, the
decoherence time of the entire system is of the order of
TCBJJ
d rather than TCBJJ

d =N, which one would normally
obtain when using N CBJJs as phase qubits.

Note that there is some control, albeit very limited, over
the properties of the TLSs and their number [3]. They will
not be the only naturally formed objects to allow quantum
manipulation (see, e.g., [14]).

Summary.—In conclusion, we have demonstrated that
quantum TLSs naturally occurring in CBJJs can be used as
qubits. The one- and two-qubit gates, initialization, and
readout can be readily performed, and the system can be
scaled beyond a single CBJJ. Being microscopis objects,
TLSs have a higher probability of possessing long deco-
herence times, which are only weakly affected by the TLS-
CBJJ interactions, due to that interaction being switched
off for most of the time. The tunability of the CBJJs
compensates for our currently limited control over the
parameters of the TLSs. In any case, both our numerical
simulations and especially the observation of quantum
beats between TLS and CBJJ [2] show that the experimen-
tal realization of our scheme is within the reach of current
experiments [3].

We are grateful to M. Grajcar and Y. X. Liu for valuable
comments. This work was supported in part by the ARO,
LPS, NSA, and ARDA under AFOSR Contract
No. F49620-02-1-0334 and also supported by the NSF
Grant No. EIA-0130383. A. Z. acknowledges partial sup-
port by the NSERC Discovery Grants Program. S. A. was
supported by the JSPS.

[1] J. Q. You and F. Nori, Phys. Today 58, No. 11, 42 (2005).
[2] R. W. Simmonds et al., Phys. Rev. Lett. 93, 077003

(2004).
[3] J. M. Martinis et al., Phys. Rev. Lett. 95, 210503 (2005).
[4] J. M. Martinis et al., Phys. Rev. B 67, 094510 (2003).
[5] A. J. Berkley et al., Science 300, 1548 (2003).
[6] K. B. Cooper et al., Phys. Rev. Lett. 93, 180401 (2004).
[7] I. Martin, L. Bulaevskii, and A. Shnirman, Phys. Rev. Lett.

95, 127002 (2005).
[8] Note that the temperature does not have to be smaller than

EJ (with the proper unit conversion). It only has to be
smaller than the typical interlevel spacing (�100 mK).

[9] S. Ashhab, J. R. Johansson, and F. Nori, New J. Phys. 8,
103 (2006).

[10] A. Blais, A. Maassen van den Brink, and A. M. Zagoskin,
Phys. Rev. Lett. 90, 127901 (2003).

[11] Yu. Makhlin, G. Schön, and A. Shnirman, Nature
(London) 398, 305 (1999).

[12] See, e.g., M. Orszag, Quantum Optics (Springer, Berlin,
1999), p. 301.

[13] R. McDermott (private communication).
[14] A. Müller et al., Appl. Phys. Lett. 84, 981 (2004).

PRL 97, 077001 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
18 AUGUST 2006

077001-4



Paper IV



T h e  o p e n – a c c e s s  j o u r n a l  f o r  p h y s i c s

New Journal of Physics

Single-artificial-atom lasing using a voltage-biased
superconducting charge qubit

S Ashhab1,2,4, J R Johansson1, A M Zagoskin1,3

and Franco Nori1,2

1 Frontier Research System, The Institute of Physical and Chemical
Research (RIKEN), Wako-shi, Saitama 351-0198, Japan
2 Center for Theoretical Physics, Physics Department,
The University of Michigan, Ann Arbor, MI 48109-1040, USA
3 Department of Physics, Loughborough University,
Loughborough LE11 3TU, UK
E-mail: ashhab@riken.jp

New Journal of Physics 11 (2009) 023030 (16pp)
Received 25 September 2008
Published 17 February 2009
Online at http://www.njp.org/
doi:10.1088/1367-2630/11/2/023030

Abstract. We consider a system composed of a single artificial atom coupled
to a cavity mode. The artificial atom is biased such that the most dominant
relaxation process in the system takes the atom from its ground state to its excited
state, thus ensuring population inversion. A recent experimental manifestation of
this situation was achieved using a voltage-biased superconducting charge qubit.
Even under the condition of ‘inverted relaxation’, lasing action can be suppressed
if the ‘relaxation’ rate is larger than a certain threshold value. Using simple
transition-rate arguments and a semiclassical calculation, we derive analytic
expressions for the lasing suppression condition and the state of the cavity in both
the lasing and suppressed-lasing regimes. The results of numerical calculations
agree very well with the analytically derived results. We start by analyzing a
simplified two-level-atom model, and we then analyze a three-level-atom model
that should describe accurately the recently realized superconducting artificial-
atom laser.
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1. Introduction

Superconducting circuits have received increased interest in recent years, particularly for their
possible use in quantum information processing and as artificial atoms [1]. In relation to the
artificial-atom concept, the idea of placing such an atom in contact with a harmonic-oscillator
circuit element, which serves as a cavity, has attracted a great deal of attention [2]. Such
circuit quantum electrodynamics systems hold promise for studying various quantum-optics
phenomena in a highly controllable and easily tunable setting, as well as exploring parameter
regimes that are inaccessible using natural atoms.

One of the most intriguing and counterintuitive phenomena in the fields of atomic
physics and quantum optics is lasing [3]. Given the above-mentioned advantages of
superconducting circuits for studying atomic-physics and quantum-optics phenomena, it
is natural to investigate superconducting implementations of lasing. Indeed, there have been
a number of recent theoretical proposals [4]–[8] and experimental demonstrations of lasing
[9, 10] and population inversion [11] in superconducting systems.

In [4], a cyclically manipulated artificial atom is constantly driven into its excited state,
from which it can relax by emitting a photon into the cavity, thus establishing a lasing state.
In [6], an atom that is illuminated by an oscillating field with a properly chosen frequency
emits photons into a low-frequency cavity. Here, we analyze a situation that is different from
both [4] and [6], but is closer to the usual picture of lasing with natural atoms. Furthermore, the
models that we study are closely related to the experiment of [9]. It should be mentioned
here that similar models have been studied in the past in the study of single-atom lasing
(see e.g. [12, 13]). A similar model was also analyzed in [5], but that paper explored different
parameter regimes and analyzed different aspects of the problem from the present paper.

Using a transition-rate-based calculation, a semiclassical calculation and numerical
simulations, we analyze the different possible states of the cavity as the system parameters
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Figure 1. Schematic diagram of a two-level atom interacting with a cavity mode.
The coupling strength for the exchange of excitations between the atom and the
cavity is g. The atom is biased such that it experiences ‘inverted relaxation’ from
the ground to the excited state, with rate 0. The loss rate of photons out of the
cavity is κ .

are varied. Each one of the analytic calculations has its advantages. The transition-rate-based
calculation derives in a transparent manner the lasing suppression condition and the state of
the cavity deep in the lasing and the suppressed-lasing regimes. The semiclassical calculation
provides a good approximation for the state of the cavity throughout the lasing state, but is not
suited for analyzing the suppressed-lasing regime, where it turns out that the state of the cavity
takes the form of a thermal state. For clarity, we start by analyzing a simplified two-level-atom
model, and we later take the same approach to analyze a three-level-atom model that describes
more accurately the experiment of [9]. In particular, we comment on a possible experimental
implementation of the crossover between the lasing and thermal regimes with a superconducting
artificial-atom laser.

2. The two-level atom

In this section, we analyze the simplified model where the atom contains two energy levels
only. This model provides a good qualitative understanding of the mechanisms at play and the
resulting phenomena in the experimental setup of interest to us. The qualitative understanding
developed in this section will also be useful for identifying the importance of the different
processes in the more realistic model analyzed in section 3 below.

2.1. The model

We consider the simple system composed of a two-level system interacting with a harmonic
oscillator (which typically is one mode of an electromagnetic cavity). The system is shown
schematically in figure 1. The Hamiltonian of the combined atom–cavity system is given by

Ĥ =
h̄ωa

2
σ̂z + h̄ω0â†â + gσx

(
â + â†

)
, (1)

where ωa is the characteristic frequency of the atom, ω0 is the natural frequency of the cavity,
g is the atom–cavity coupling strength, σ̂x and σ̂z are the usual Pauli matrices operating on the
atomic state, and â and â† are, respectively, the annihilation and creation operators acting on the
state of the cavity. We shall describe quantum states using the notation |na, nc〉, where na = 0
for the atomic ground state and na = 1 for the excited state, and nc represents the number of
photons in the cavity.
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In order to have efficient emission of photons from the atom into the cavity, the atom and
cavity frequencies must be almost equal. For the remainder of this paper, we shall take ωa = ω0.
We also take this frequency to be the largest frequency (or energy) scale in the problem.

The setup is designed such that the atom’s bias conditions cause it to ‘relax’ from the
ground state to the excited state, with rate 0.5 In this section, the inverted relaxation is assumed
to be part of the theoretical model under consideration; a similar process will be derived from
first principles in a realistic three-level-atom model in section 3. It is this counter-intuitive,
inverted relaxation that provides the mechanism for population inversion, which plays a crucial
role in the realization of the lasing state. As such, one can say that the (usual) threshold condition
for lasing action is automatically satisfied in this model. Note that we are ignoring any weak
relaxation process pushing the atom from the excited to the ground state, since such a process
would not affect the main points we wish to study. Furthermore, since the atom’s relaxation rate
will be taken to be very large, we shall ignore any additional atomic dephasing mechanisms.
The cavity is taken to possess a decay rate κ .

An alternative description of the above situation concerning the bias conditions would be to
say that the cavity is in contact with a heat bath that has a very small and positive temperature,
while the atom is in contact with a heat bath that has a very small and negative temperature.
It is worth mentioning here that a similar approach (with negative effective bath temperature)
was used in [14] to describe an amplification process.

2.2. Photon emission and loss rates

In order to determine the state of the cavity for a given set of parameters, we first note that the
above model contains a mechanism for photon emission into the cavity and a mechanism for
photon loss from the cavity. We consider these two mechanisms separately.

The loss rate of photons from the cavity (i.e. the transition rate from the state |na, n〉 to the
state |na, n − 1〉, where na represents the state of the atom) is given simply by the decay rate κ

multiplied by the number of photons in the cavity n:

0loss = nκ. (2)

Obtaining the photon emission rate requires a somewhat more careful analysis. We first
consider the situation where there are no or few photons in the cavity. The atom’s bias conditions
constantly push it to its excited state. We can therefore assume the atom to be initially in the
excited state. If the atom is in its excited state and the cavity has n − 1 photons, the atom–cavity
coupling (with matrix element g

√
n) induces dynamics between the states |1, n − 1〉 and |0, n〉.

Since 0 � g, the dynamics will take the form of an incoherent process described by the
transition rate W|1,n−1〉→|0,n〉 = 4ng2/0. Any population that starts to accumulate in the state
|0, n〉 will quickly relax to the state |1, n〉, because the atom is constantly pushed in this direction
by its surrounding environment. These two steps complete the transition from the state |1, n − 1〉

to the state |1, n〉, or in other words, the process of adding one photon to the cavity. Since the
upward-relaxation process occurs at a very large rate, it can be treated as being instantaneous.
We therefore find that the photon emission rate (i.e. the transition rate from the state |na, n − 1〉

5 Note that we do not use any factors of 2π with decay rates. In other words, the occupation probability of the
atom’s ground state decreases in time as exp{−0t}.
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to the state |na, n〉) is given by the rate of the |1, n − 1〉 → |0, n〉 transition, i.e.

0emission =
4ng2

0
. (3)

The photon emission rate therefore increases linearly with n for small values of n. Clearly,
this situation cannot persist for large n, since this mechanism is ultimately limited by the
atom’s relaxation rate 0. Indeed, when g

√
n becomes comparable with or larger than 0, the

|1, n − 1〉 ↔ |0, n〉 transitions must be treated as coherent oscillations. One can now argue that
in the limit of very large n, where the system spends half of the time in each one of the two
states (|1, n − 1〉 and |0, n〉), the atom has a chance to incoherently relax from its ground state
into its excited state only half of the time. In this case, the photon emission rate asymptotically
reaches the value 0/2, which it cannot exceed.

The main advantage of the above derivation of the photon emission rate is its simplicity,
as well as the simplicity of the resulting expressions. A more detailed analysis of the photon
emission rate for any value of n is possible, assuming that the cavity is in a coherent (i.e. lasing)
state. This calculation will be carried out in section 2.4 below (see also [12, 15]).

2.3. Lasing condition and possible steady states

Combing the photon emission and loss rates as functions of photon number n, one can obtain the
probability distribution of photon number states in the cavity. In particular, if this probability
distribution has a peak for some value of n, the peak value can be obtained by locating the
intersection point between the emission and loss rates. Some relevant examples of such a peak-
finding calculation are depicted schematically in figure 2.

We treat the atom’s relaxation rate 0 as the tunable parameter, keeping g and κ fixed. From
equation (3) one can see that small values of 0 correspond to a large initial slope of the emission
rate (at n = 0), even though the emission rate reaches the saturation level for a relatively small
value of n. Figure 2(a) represents this situation. If we increase 0, the initial slope of the emission
rate decreases, but it eventually reaches a larger value. By comparing figures 2(a) and (b), one
can see that the peak value of the photon number in the cavity increases with increasing the
pumping rate. This result agrees with intuitive expectations.

A change of behavior occurs when 0 reaches a certain regime, an expression for which
will be given shortly. As can be seen from figure 2(c), the peak value of n starts decreasing
with increasing 0 and vanishes at a certain value of 0. Beyond this point, the value of n with
maximum occupation probability remains zero.

This suppression of lasing action by strong pumping is quite counterintuitive. It can be
understood in terms of the quantum Zeno effect; at a certain point, the decoherence associated
with pumping becomes the most dominant effect and inhibits the emission of photons from the
atom into the cavity6. In the following, we shall analyze this effect, as well as the state of the
cavity in the different regimes, more quantitatively.

By combining equations (2) and (3), we find that if

4g2

0
> κ, (4)

6 A number of other situations where the quantum Zeno effect plays an interesting role in superconducting and
double-quantum-dot circuits have been analyzed recently; see e.g. [16, 17].
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Figure 2. Schematic plot of the photon emission rate 0emission (green solid line)
and the photon loss rate 0loss (blue dashed line) as functions of the photon number
in the cavity n. The intersection point (red circle) determines the value of n in the
photon-number probability distribution with the highest probability. Going from
(a) to (d), 0 is increased, whereas κ is kept fixed.

the photon emission rate is larger than the photon loss rate, assuming a small photon number
in the cavity. Starting with a small photon number, the number increases exponentially in time.
The growth in photon number continues until the peak value of n is reached, as represented by
the circles in figures 2(a) and (b). If, on the other hand, equation (4) is not satisfied, the loss rate
will be higher than the emission rate, and lasing would not occur. Equation (4) can therefore be
considered a second threshold condition for lasing in this setup. Note that population inversion
is guaranteed in this model and that all emission from the atom goes into the cavity.

We now consider the situation where the lasing condition [equation (4)] is satisfied, and
we analyze the probability distribution of the photon number in the cavity. Deep in the lasing
regime, we can assume that the emission rate is well approximated by 0/2. The loss rate is
still given by equation (2). The peak in the photon-number probability distribution therefore
occurs at

nmax =
0

2κ
. (5)

Note that this steady-state photon number is independent of the atom–cavity coupling strength.
It is also worth mentioning that this relation remains valid even if 0 is smaller than g.

The width of the probability distribution can be calculated as follows. The ‘probability
current’ from the (n − 1)-photon state to the n-photon state is given by

Wn−1→n =
0

2
Pn−1, (6)
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whereas the probability current in the opposite direction is given by

Wn→n−1 = nκ Pn =
0

2
Pn + (n − nmax) κ Pn. (7)

Here Pn is the probability of having n photons in the cavity. Using the detailed balance equation,
i.e. Wn−1→n = Wn→n−1, the above two equations can be combined to give

Pn − Pn−1

Pn
≈ −

n − nmax

nmax
, (8)

which can be integrated to give the probability distribution

Pn = Pmax exp
{
−

(n − nmax)
2

2nmax

}
. (9)

The width of the probability distribution is therefore of the order of
√

nmax, as would be expected
for the lasing state.

We now turn to the situation where lasing is suppressed, i.e. when 4g2 < 0κ . In the linear
regime (i.e. when n is small), we can write simple detailed balance equations for Pn:

Pn+1

Pn
=

0emission(n)

0loss(n + 1)
=

4 g2

0κ
. (10)

This equation can be identified as the detailed-balance equation for a cavity in thermal
equilibrium at effective temperature

Teff =
h̄ω0

kB

[
log

{
0κ

4 g2

}]−1

. (11)

Note that here we are neglecting the small ambient temperature of the cavity. Using the
Bose-distribution formula, we find that the average number of photons at the above effective
temperature is given by

〈n〉 =

(
0κ

4g2
− 1

)−1

. (12)

Therefore, if we start from large values of 0 and gradually decrease it, the average number of
photons in the cavity starts increasing. This number follows a 1/x-type function that diverges
at the threshold condition. The nonlinearity in the emission rate [see figure 2(c)] prevents the
photon number from diverging at the critical value of 0; instead the system changes behavior
and enters the lasing regime.

2.4. Semiclassical derivation

In this subsection, we briefly review a mean-field approximation that can be used to find an
analytic expression for the number of photons in the cavity in the lasing state. We follow closely
the calculation of [12]: we write equations of motion for the expectation values of the relevant
operators (in the rotating frame for simplicity), and from the stationary steady-state solution we
extract the number of photons in the cavity.
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We start with the Lindblad master equation for the model under consideration (see e.g. [14])

dρ

dt
= −

i

h̄

[
Ĥ , ρ

]
+ 0

(
σ̂+ρσ̂− −

1

2
σ̂−σ̂+ρ −

1

2
ρσ̂−σ̂+

)
+ κ

(
âρâ†

−
1

2
â†âρ −

1

2
ρâ†â

)
, (13)

where ρ is the density matrix of the total system, and σ̂± are the raising and lowering operators
of the atom. We can now multiply this equation on the left by any operator Â and take the trace
over the density matrix. The result is an equation of motion for the average value of the operator
Â, denoted by 〈A〉.

The relevant equations of motion are:

d 〈a〉

dt
= g 〈σ−〉 −

κ

2
〈a〉 ,

d 〈σ−〉

dt
= g 〈aσz〉 −

0

2
〈σ−〉 , (14)

d 〈σz〉

dt
= −2 g

〈
a†σ− + aσ+

〉
+ 0 (1 − 〈σz〉) .

Using the mean-field approximation (i.e. setting 〈aσz〉 = 〈a〉〈σz〉, etc), choosing 〈a〉 to be real
and setting the left-hand sides to zero (for the steady-state solution), we find for the average
number of photons in the cavity (using the relation 〈n〉 = 〈a2

〉)

〈n〉 =
0

2κ

(
1 −

0κ

4g2

)
. (15)

This expression is the mean-field approximation of the number of photons in the cavity. It
predicts that deep in the lasing regime, i.e. when the second term inside the parentheses can be
neglected, the number of photons will be given by 0/2κ . It also predicts that the photon number
will start decreasing with increasing 0 and will vanish when 0κ/(4g2) = 1. Both these results
agree with the results of section 2.3. Note that the semiclassical calculation deals with average
values, and therefore is not suited for describing the thermal state (which requires knowledge of
the probability distribution of the photon occupation number in the cavity).

2.5. Numerical calculations

We now solve equation (13) numerically for different values of 0, keeping g and κ fixed. As
representative quantities that manifest the differences between the lasing and suppressed-lasing
regimes, we plot in figure 3 the average photon number in the cavity 〈n〉 and the photon number
with maximum probability nmax as functions of the parameter 0κ/(4g2).

The average photon number 〈n〉 agrees with the analytic expressions of section 2.3
[equations (5) and (12)] away from the threshold on both the lasing and thermal sides.
The maximum-probability number nmax agrees with the quadratic function derived in section 2.4
(see also [12]) throughout the lasing regime. nmax coincides with 〈n〉 deep in the lasing regime,
but it decreases faster as the threshold is approached and clearly exhibits an abrupt change of
behavior when the threshold condition is crossed.
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Figure 3. Average photon number 〈n〉 (blue solid line) and maximum-probability
photon number nmax (green solid line) in the cavity as functions of the
parameter 0κ/(4g2). Note that nmax corresponds to red circles in figure 2. The
values g/ω0 = 8 × 10−3 and κ/ω0 = 5 × 10−3/(2π) were used in the numerical
calculations. The red dashed line shows the predictions of equation (5) in the
lasing regime, and the red dotted line shows the predictions of equation (12) in
the thermal regime. The green line agrees very well with the predictions of the
semiclassical calculation [equation (15)].
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Figure 4. Occupation probability as a function of photon number in the cavity for
a point in the lasing regime (a; 0κ/(4g2) = 0.5) and one in the thermal regime
(b; 0κ/(4g2) = 1.25). The system parameters are given in figure 3. The curve in
(a) is fitted very well by a Gaussian function, and the curve in (b) is fitted very
well by a Boltzmann thermal-distribution function.

In figure 4, we plot the probability distribution of the photon number in the cavity for
two points in figure 3, one in the lasing state and one in the thermal state. Apart from a small
regime around the lasing-suppression threshold, the probability distribution is fitted very well
by a Gaussian function in the lasing regime and by an exponential (i.e. Boltzmann distribution)
function in the thermal regime.
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3. The three-level atom

We now consider a model that corresponds more closely to the experiment of [9], i.e. a Cooper-
pair box coupled to a harmonic-oscillator circuit element. In the analogy with conventional
lasers using natural atoms, the Cooper-pair box plays the role of the atom, whereas the linear
circuit element plays the role of the cavity. We follow the methods explained in section 2 above
and apply them to this more realistic model with a three-level atom. It should be noted here
that there has been some work in the past on single-atom lasers using three-level atoms or
ions [12, 13]. The model we consider here, however, provides a more accurate description of
the experimental situation of main interest to us [9].

3.1. The model

The Hamiltonian of the system is now given by

Ĥ =
h̄ωa

2

(
cos θσ̂z + sin θσ̂x

)
+ h̄ω0â†â + g0σz

(
â + â†

)
, (16)

where, as before, ωa is the atom’s characteristic frequency and ω0 is the cavity’s natural
frequency, and these two frequencies are taken to be equal. The angle θ represents the deviation
of the atom’s bias point from the so-called degeneracy point, and g0 is the atom–cavity coupling
strength. In the three-level-atom model, the Pauli matrices σ̂x and σ̂z operate on the two active
atomic states, with no need to include the third (inert) state explicitly in the Hamiltonian (in
particular, the energy of the third state does not affect the results below).

A schematic diagram of the photon emission mechanism is shown in figure 5, including the
dissipative processes. The state with N + 1 Cooper pairs in the box can relax to the state with N
Cooper pairs and an unpaired electron in the box and an electron added to the drain electrode
(this transition occurs with rate 01). This state can relax further when the unpaired electron
tunnels from the box into the drain electrode (with rate 02). Once the box has N Cooper pairs
and no unpaired electrons, its coupling to the source electrode allows a new Cooper pair to
tunnel from the source electrode to the box.

One can now see how the inverted relaxation process occurs. Using an applied gate voltage
to the Cooper-pair box, the system is biased such that the state with N + 1 Cooper pairs in the
box is lower in energy than the state with N Cooper pairs, assuming a fixed number of electrons
in the drain electrode. Under this condition, the state of the box with N + 1 Cooper pairs can, on
a qualitative level, be identified as the ground state |0〉, and the state with N Cooper pairs in the
box can be identified as the excited state |1〉. When the box starts in the state with N + 1 Cooper
pairs and one electron tunnels out of the box into the drain electrode, the artificial atom goes
from the ground state |0〉 to a third state that contains N Cooper pairs and one unpaired electron
in the box. Barring coincidences, the extra unpaired electron in the box acts as an additional gate
voltage, moving the Cooper-pair box away from the degeneracy point and from resonance with
the cavity. As a result, this third level will not be involved in any coherent dynamics and can,
for our purposes, be considered completely inert. Once in the inert state, the unpaired electron
can tunnel from the box to the drain electrode and the atom relaxes to its excited state |1〉, thus
completing the relaxation process. The fact that the states of the source and drain electrodes
change during the relaxation processes, which is needed in order to ensure that energy is always
lowered in each step of the relaxation process, does not need to be explicitly taken into account
once we have established the mechanism for the inverted relaxation process in the Cooper-pair
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Figure 5. The different processes involved in lasing for the experiment of [9].
The first, second and third quantum numbers represent, respectively, the number
of Cooper pairs in the box, the number of unpaired electrons in the box and the
number of electrons in the drain electrode. The box is resonantly coupled to a
cavity mode, and the two can exchange excitations. The states with N and N + 1
Cooper pairs in the box are coupled because the box is biased in the vicinity
of the so-called degeneracy point, so that Cooper pairs can tunnel coherently
between the box and the source electrode. The system’s total energy is lowered
every time an electron tunnels (in a dissipative process) from the box to the drain
electrode. The state with N + 1 Cooper pairs and a single unpaired electron in
the box does not participate in the lasing mechanism. The inset in the bottom-left
corner of the figure shows the same processes as in the main part of the figure, but
in the energy eigenbasis of the Cooper-pair box. Because of the mixing between
the Cooper-pair number states in the energy eigenstates of the box, the different
relaxation rates shown in that inset obey the relations γ0→2 = 01 cos2(θ/2),
γ1→2 = 01 sin2(θ/2), γ2→1 = 02 cos2(θ/2) and γ2→0 = 02 sin2(θ/2). The inset in
the top-right corner of the figure shows a truncated model of a three-level atom
where relaxation processes take the atom from the ground state (|0〉) to an inert
state (|2〉) and then to the excited state (|1〉).
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box. Note that there are additional relaxation processes in figure 5, which occur because the
ground and excited states of the box are superpositions of the states with N and N + 1 Cooper
pairs in the box.

3.2. Photon emission and loss rates

The derivation of the emission rate is less straightforward in this case than in section 2.2.
Nevertheless, it can be done, and we carry it out here.

First we consider the small-n limit, where photon emission can be treated as an incoherent
process. When the atom is in the state |1〉, the process by which it emits a photon into the
cavity still occurs with the rate given by equation (3), noting that the relevant relaxation rate
here is 01 (which is the relaxation rate out of the space of active atomic states and represents
the decoherence rate in that space) and now we have g = g0sin θ . One difference between the
present case and that of section 2.2 is that now the atom can undergo recurring transitions
between the states |0〉, |1〉 and |2〉 even without the emission or absorption of photons. Therefore,
we need to include some additional arguments in order to take the above fact into account. When
the atom is in the state |0〉, the process by which it absorbs a photon from the cavity occurs
with the same rate as the one for photon emission. The net photon emission rate is therefore
given by

0emission =
4ng2

01
(P1 − P0) , (17)

where Pj is the occupation probability of atomic state j . Using the relaxation rates shown
in figure 5, we can derive the probabilities of the different states:

P0 =
tan2(θ/2)

tan2(θ/2) + cot2(θ/2) + (01/02)
,

P1 =
cot2(θ/2)

tan2(θ/2) + cot2(θ/2) + (01/02)
(18)

P2 =
01/02

tan2(θ/2) + cot2(θ/2) + (01/02)
,

which gives

P1 − P0 =
cos θ

cos2 θ + ((1/2) + (01/402)) sin2 θ
. (19)

With this expression we find that the net emission rate in the small-n limit is given by

0emission =
4ng2

01

(
cos θ

cos2 θ + ((1/2) + (01/402)) sin2 θ

)
. (20)

Deep in the lasing regime, strong coupling with the cavity causes the atom to quickly
reach equal populations of the states |0〉 and |1〉 every time it enters the space of active states.
Relaxation from the active space to the inert state therefore occurs with rate 01/2. Relaxation
from the inert state back to the active space occurs with rate 02. The atom’s resetting rate
(or Cooper-pair current) is therefore given by (01/2) × 02/(01/2 + 02), which is the rate for a
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sequence of such recurrent relaxation steps. Since the atom has two possibilities when relaxing
from the inert state to the active space [state |1〉 with probability cos2(θ/2) and state |0〉 with
probability sin2(θ/2)], the net photon emission rate will be given by

0emission =
(01/2) × 02

(01/2) + 02
× cos θ. (21)

In the following subsection, we use the above rates to describe the state of the cavity.

3.3. Lasing condition and possible steady states

We can now follow the arguments of section 2.3 with the expressions just derived in section 3.2
and describe different properties of the system.

Setting the photon emission rate in the small-n limit [equation (20)] equal to the photon
loss rate [equation (2)], we find the threshold condition

01κ

4g2
=

cos θ

cos2 θ + [(1/2) + (01/402)] sin2 θ
. (22)

Deep in the lasing regime, equating the emission rate [equation (21)] to the loss rate
[equation (2)] gives an average photon number of

〈n〉 =
1

κ

(01/2) × 02

(01/2) + 02
cos θ (23)

In the suppressed-lasing regime, we find a thermal state with effective temperature

Teff =
h̄ω0

kB

[
log

{
01κ

4g2

cos2 θ + ((1/2) + (01/402)) sin2 θ

cos θ

}]−1

. (24)

Except for the above modified expressions, the qualitative physical description of the system
remains essentially the same as the one given in section 2.3.

3.4. Semiclassical calculation

We now follow the semiclassical approach to derive the average photon number in the lasing
state for the three-level-atom model. Using equations (14) as a template and figure 5 as a guide
for the relevant dissipative processes, we write the equations of motion:

d 〈a〉

dt
= g 〈σ−〉 −

κ

2
〈a〉 ,

d 〈σ−〉

dt
= g 〈a (P1 − P0)〉 −

γ0→2 + γ1→2

2
〈σ−〉 ,

(25)
d(P1 − P0)

dt
= −2 g

〈
a†σ− + aσ+

〉
+ γ0→2 P0 − γ1→2 P1 + (γ2→1 − γ2→0) (1 − P0 − P1) ,

d(P1 + P0)

dt
= −γ0→2 P0 − γ1→2 P1 + (γ2→1 + γ2→0) (1 − P0 − P1),
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where the γ ’s are the different relaxation rates, and σ− transforms the state |1〉 into the
state |0〉. Using the relations γ0→2 = 01 cos2(θ/2), γ1→2 = 01 sin2(θ/2), γ2→1 = 02 cos2(θ/2)

and γ2→0 = 02 sin2(θ/2), the steady-state solution of the above equations gives

〈n〉 =
1

2κ

[
γ0→2 − γ1→2 + 2γ2→0 − 2γ2→1

γ0→2 + γ1→2 + 2γ2→0 + 2γ2→1

{(
γ 2

0→2

4
−

γ 2
1→2

4

)
κ

2g2
+ γ2→0 + γ2→1

}

−
(γ0→2 + γ1→2)

2

4

κ

2g2
+ γ2→1 − γ2→0

]
=

1

2κ

[
01 − 202

01 + 202

{
02

1κ cos θ

8g2
+ 02

}
cos θ −

02
1κ

8g2
+ 02 cos θ

]
=

01

2κ

[
1

1 + (01/202)
cos θ −

(
1 +

1 − (01/202)

1 + (01/202)
cos2 θ

)
02

1κ

8g2

]
. (26)

Equation (26) is clearly more complicated than equation (15), reflecting the more complicated
nature of the two-step relaxation process in the three-level-atom model.

If we go deep into the lasing regime, i.e. by neglecting the terms containing 01κ/g2 in
equation (26), we recover equation (23). If we equate 〈n〉 to zero, we recover the threshold
condition in equation (22). If we take the case where 01 = 02, equation (26) reduces to

〈n〉 =
01

2κ

[
2

3
cos θ −

01κ

8g2

(
1 +

1

3
cos2 θ

)]
, (27)

and the threshold condition is given by

01κ

4g2
=

4 cos θ

3 + cos2 θ
. (28)

If we take the limit 02 � 01, equation (26) reduces to

〈n〉 =
01

2κ

[
cos θ −

01κ

8g2

(
1 + cos2 θ

)]
, (29)

and the threshold condition is given by

0κ

4g2
=

2 cos θ

1 + cos2 θ
. (30)

For the parameters quoted in [9], i.e. g = (2π) × 44 MHz, 01 = 02 = (2π) × 600 MHz,
κ = (2π) × 1.3 MHz, θ = 0.18π , one finds that the ratio 01κ/(4g2) ≈ 0.1 (and 〈n〉 ≈ 70), with
the threshold occuring at 01κ/(4g2) ≈ 0.9. This set of parameters is therefore well inside the
lasing regime. By reducing g and increasing κ (e.g. during fabrication), however, the boundary
between the two regimes seems to be easily reachable. Since the pumping rate 0 is somewhat
controllable in experiment, it should be possible to study the transition between the two regimes
on a single sample.

3.5. Numerical calculations

We solve the quantum-optical master equation relevant to this model [which follows
straightforwardly from equation (13) and figure 5] numerically for different values of 01,
keeping g, κ and 02/01 fixed. We plot in figure 6 the average photon number in the cavity 〈n〉
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Figure 6. Average photon number 〈n〉 (solid lines) and maximum-probability
photon number nmax (dashed lines) in the cavity as functions of the parameter
01κ/(4g2). The values g/ω0 = 8 × 10−4, κ/ω0 = 5 × 10−4/(2π) and θ = π/3
were used in the numerical calculations. The ratio 02/01 is 1 for the blue (black)
lines and 10 for the green (gray) lines. All the numerical results agree well with
theoretical predictions. The small difference between the solid and dashed lines
deep in the lasing regime is due to the discreteness of nmax.

and the photon number with maximum probability nmax as functions of 01κ/(4g2). The main
features in figure 6 are similar to those in figure 3, which is an indication that a good intuitive
understanding of the system can be obtained from the simplified two-level-atom model. The
curves in figure 6 also agree with the analytic expressions given in this section. We do not plot
the probability distributions here because they look very similar to the ones shown in figure 4.

4. Conclusion

We have analyzed the lasing behavior of a single artificial atom in a cavity, in particular in
connection with recent experiments on superconducting charge qubits. Although increased
pumping strength initially results in a larger photon population in the cavity, increasing the
pumping rate beyond a certain point starts to suppress the number of photons in the lasing state.
When the pumping rate reaches a critical threshold value, lasing action is completely lost and
a thermal state of the cavity is formed. We have analyzed the properties of both the lasing and
suppressed-lasing (thermal) states. We have used a transition-rate-based approach, semiclassical
calculations and numerical simulations in our analysis, and all three methods give consistent
results. Our analysis and results are very relevant to the experimentally achieved situation of [9],
suggesting that experimental tests of the phenomena studied in this paper should be possible in
the near future.
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The dynamical Casimir effect in a superconducting coplanar waveguide
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We investigate the dynamical Casimir effect in a coplanar waveguide (CPW) terminated by a
superconducting quantum interference device (SQUID). Changing the magnetic flux through the
SQUID parametrically modulates the boundary condition of the CPW, and thereby, its effective
length. Effective boundary velocities comparable to the speed of light in the CPW result in broad-
band photon generation which is identical to the one calculated in the dynamical Casimir effect for
a single oscillating mirror. We estimate the power of the radiation for realistic parameters and show
that it is experimentally feasible to directly detect this nonclassical broadband radiation.

PACS numbers: 85.25.Cp, 42.50.Lc, 84.40.Az

Two parallel mirrors in empty space are attracted to
each other due to the vacuum fluctuations of the elec-
tromagnetic field, because of the different mode density
inside compared to outside of the mirrors. This striking
effect of quantum electrodynamics (QED) was predicted
by Casimir in 1948 and since then it has also been verified
experimentally (see, e.g., Ref. [1]).

If the mirrors move, there is also a mismatch between
vacuum modes at different instances of time. It was pre-
dicted [2] that this may result in the creation of real pho-
tons out of vacuum fluctuations. This dynamical Casimir
effect (DCE) also holds for a single mirror subject to
nonuniform acceleration in empty space [3]. Although
receiving considerable interest [5, 6] since its theoretical
prediction, there is still no experimental verification of
the DCE. This is mainly due to the fact that the rate of
photon production is nonnegligible only when the mirror
velocity approaches the speed of light, making the use of
massive mirrors very challenging [7, 8]. Other proposals
for the experimental verification of the DCE have sug-
gested rapidly changing the field boundary conditions in
other ways, e.g., using lasers to modulate the reflectiv-
ity of a thin semiconductor film [8, 9] or the resonance
frequency of a superconducting stripline resonator [10].

Here we show that a coplanar waveguide (CPW) termi-
nated by a superconducting quantum interference device
(SQUID), as shown in Fig. 1, is a very promising system
for experimentally observing the DCE. The inductance of
the SQUID can be controlled by the local magnetic flux
threading the loop, giving a tunable boundary condition
that is equivalent to that of a short-circuited transmission
line with a tunable length. Because there is no massive
mirror moving, the velocity of the effective boundary can
approach the speed of light in the transmission line. The
photon production from the vacuum can thus be made
experimentally detectable, and its photon spectrum is
identical to the one calculated in the DCE for a single
oscillating mirror [4].

Building on work on superconducting circuits for quan-

FIG. 1: (Color online) (a) A schematic diagram representing
a CPW terminated to ground through a SQUID-loop. The
effective inductance of the SQUID can be tuned by the mag-
netic flux Φext(t), providing a tunable boundary condition.
(b) The setup in (a) is equivalent to a short-circuited trans-
mission line with a tunable length Leff , i.e., with a tunable
“mirror”. We analyze this system using the input/output for-
malism, which gives the spectrum of the scattered outgoing
field, Φout, as a function of the incoming field, Φin, in the
coplanar waveguide.

tum information [11–13], there has recently been rapid
progress in the field of circuit QED, where the interaction
between artificial superconducting atoms and the elec-
tromagnetic field in microwave cavities is studied. Re-
cent achievements include strong coupling between arti-
ficial atoms (qubits) and resonators [14], single-artificial-
atom lasing [15], and Fock-state generation [16]. Cavities
with tunable frequencies and low dissipation have also
been demonstrated [17, 18], and it has been shown that
the resonance frequency can be changed by hundreds of
linewidths on a timescale much shorter than the photon
lifetime in the cavity [19]. There are also recent theo-
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retical suggestions to observe the DCE in cavity geome-
tries including superconducting qubits [20, 21], and also
a suggestion to use a CPW where the center conductor
is replaced by an array of SQUIDs [22] to simulate the
Hawking radiation [23].

We consider a superconducting CPW with character-
istic capacitance C0 and inductance L0 per unit length.
The CPW is terminated at x = 0 through a SQUID-loop
threaded by an external flux Φext(t), as shown in Fig. 1.
Since the system contains Josephson junctions, it is con-
venient to describe the electromagnetic field in the CPW
line by its phase field Φ(x, t) =

∫ t
dt′ E(x, t′), i.e., the

time-integral of the electric field E(x, t).The phase field
obeys the massless Klein-Gordon equation and, in second
quantized form, is (x < 0):

Φ(x, t) =

√

h̄Z0

4π

∫ ∞

0

dω√
ω

(

ain
ω e−i(−kωx+ωt)+

+ aout
ω e−i(kωx+ωt) + H.c.

)

, (1)

where the a
in (out)
ω operator annihilates a photon with

frequency ω propagating to the right (left) with velocity
v = 1/

√
C0L0 and wave vector kω = ω/v, and satisfies

the commutation relation [a
in (out)
ω , (a

in (out)
ω′ )†] = δ(ω −

ω′). The characteristic impedance of the CPW is Z0 =
√

L0/C0.

We first consider a symmetric SQUID, where the two
junctions have equal capacitances (CJ,1 = CJ,2 = C/2)
and Josephson energies (EJ,1 = EJ,2 = EJ ), and later
comment on the effects of asymmetry. The SQUID effec-
tively behaves as a single junction with a tunable energy

EJ (f) = EJ

√

2 + 2 cos(f), (2)

where f = 2πΦext(t)/Φ0, and Φ0 = h/2e. The junction
can equivalently be characterized by its tunable (Joseph-
son) inductance LJ(f) = (Φ0/2π)2/EJ(f), as long as
the phase dynamics is slow compared to the plasma fre-
quency ωp(f) = 1/

√

CLJ(f), and the SQUID is only
weakly excited.

The effective boundary condition for the field imposed
by the SQUID can be derived using quantum network
theory [24]. Starting from the classical Lagrangian for the
circuit, the Heisenberg equations of motion are obtained
from canonical quantization. For the system under con-
sideration this analysis was performed in Ref. [25]. Here
we are now interested in macroscopic SQUID junctions in
the phase regime, i.e., when the charging energy is small
compared to the Josephson energy, (2e)2/2C ≪ EJ (f),
and the quantum fluctuations of the phase across the
SQUID are small. In this regime, the boundary condi-
tion at x = 0 becomes

(2π)2

Φ2
0

EJ (f)Φ(0, t) +
1

L0

∂Φ(0, t)

∂x
+ C

∂2Φ(0, t)

∂t2
= 0, (3)

where the last term can be neglected since we are consid-
ering dynamics much slower than the plasma frequency
of the SQUID. We note that this boundary condition de-
pends parametrically on the tunable effective Josephson
energy, EJ (f), providing the tunable boundary condition
that will be essential for the remaining discussion.

By inserting the field, Eq. (1), in the boundary condi-
tion, Eq. (3), and performing an integration over time,
we find the corresponding boundary condition in fre-
quency space. For a static external flux f0, giving a static
Josephson energy E0

J = EJ(f0), we can solve for the out-
put operators aout

ω in terms of the input operators ain
ω :

aout
ω = − 1 + ikωL0

eff

1 − ikωL0
eff

ain
ω ≡ R(ω) ain

ω , (4)

where the effective length

L0
eff = Leff(f0) =

(

Φ0

2π

)2
1

L0E0
J

=
LJ(f0)

L0
(5)

is motivated by comparison to a short-circuited transmis-
sion line of length L and its phase factor −e2ikL. This
effective-length interpretation is valid for kωL0

eff ≪ 1,
i.e., for frequencies where the SQUID effective length
is smaller than the wavelength, or equivalently, ω ≪
Z0Cω2

p, which is satisfied for the parameter regime that
we are considering below.

For a time-dependent external flux, resulting in the
Josephson energy EJ [f(t)] = E0

J + δEJ (t), we can write
the solution in the form,

aout
ω = R(ω) ain

ω −
∫ ∞

−∞

dω′S(ω, ω′) ×

×
[

Θ(ω′)(ain
ω′ + aout

ω′ ) + Θ(−ω′)(ain
−ω′ + aout

−ω′)†
]

, (6)

where,

S(ω, ω′) =

√

|ω/ω′|
2π(1 − ikωL0

eff)

∫ ∞

−∞

dt e−i(ω−ω′)t δEJ (t)

E0
J

, (7)

and where Θ is the Heaviside step function.
For a small-amplitude harmonic drive δEJ (t) =

δEJ cos(ωdt), where δEJ ≪ E0
J , the effective length mod-

ulation is also harmonic, Leff(t) = L0
eff + δLeff cos(ωdt),

with amplitude δLeff = L0
eff(δEJ/E0

J ). In this case, we
can evaluate the integrals in Eqs. (6-7) and perturba-
tively solve the resulting equation for the output opera-
tors in terms of the input operators,

aout
ω = R(ω) ain

ω + i
δLeff

v

(

√

ω(ω + ωd)a
in
ω+ωd

+

√

|ω(ω − ωd)|
[

Θ(ω − ωd)a
in
ω−ωd

+ Θ(ωd − ω)(ain
ωd−ω)†

]

)

.(8)

Considering a large-amplitude harmonic drive, we can
expand Eqs. (6-7) in terms of sideband contributions
ωn = ω + nωd,

aout
ω =

N
∑

n=−N

cn

[

Θ(ωn)ain
ωn

+ Θ(−ωn)(ain
−ωn

)†
]

, (9)
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and numerically solve (for cn) the resulting set of linear
equations to arbitrary order N , where N is the number
of sidebands included in the calculation. Note that we
still require both the driving amplitude and the driving
frequency to be small compared to the plasma frequency
of the SQUID. Using this expansion we have numerically
verified that aout

ω and (aout
ω )† obtained from Eq. (9) sat-

isfies the correct commutation relation [aout
ω , (aout

ω′ )†] =
δ(ω − ω′), and, similarly, that the perturbative solution
in Eq. (8) satisfy the same commutation relation to first
order in the perturbation parameter δEJ .

Both the perturbative and numerical approaches give,
in principle, all properties of the output field in terms of
the input field, and they will be used below to calculate
the output photon-flux density nout

ω =
〈

(aout
ω )†aout

ω

〉

, as
a function of mode-frequency ω, for the thermal input
fields n̄in

ω = 1/(exp(h̄ω/kBT )−1). Using this photon-flux
density, the number N of generated photons per second,
in a bandwidth ∆ω, is given by

N =
1

2π

∫

∆ω

dω nout
ω ≈ ∆ω

2π
nout

ω , (10)

where the approximation is valid for a small bandwidth
∆ω, where the relative change in nout

ω is small.
For a small-amplitude harmonic drive, we find

nout
ω = n̄in

ω +
(δLeff)2

v2
ω |ωd − ω| n̄in

|ωd−ω|

+
(δLeff)2

v2
ω(ωd − ω) Θ(ωd − ω), (11)

where we have neglected terms containing the small fac-
tor n̄in

|ωd+ω|
, since we are considering kBT ≪ ωd/2π. The

output-field photon-flux distribution in Eq. (11) can be
decomposed into three components: The first two are
of classical origin; elastically reflected thermal photons
(first term) and up-converted thermal photons (second
term). The third term is a purely quantum mechanical
effect which originates from the vacuum fluctuations. We
note that the spectrum of this quantum mechanical ra-
diation is identical to the spectrum of the single-mirror
dynamical Casimir effect [4].

The photon-flux-density spectrum of the quantum me-
chanical radiation has a different frequency dependence
compared to that of the reflected thermal photons and
the two effects can therefore be clearly distinguished from
each other. A signature of the quantum radiation is
the parabolic shape in the photon-flux-density spectrum,
which has a maximum at ωd/2, whereas the photon-flux
density for the reflected thermal field has maxima at zero
frequency and at ωd, see Fig. 2. Furthermore, in this
quantum mechanical radiation process, the photons are
created in correlated pairs (〈aout

ωd/2+ω
aout

ωd/2−ω
〉 6= 0) with

frequencies that sum up to the driving frequency, result-
ing in a squeezing spectrum [26] with maximum squeez-
ing at ωd/2.
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FIG. 2: (Color online) The photon-flux density as a func-
tion of mode-frequency ω. The red curve shows the classi-
cal prediction, and the blue (analytical) and green (numeri-
cal) curves show the quantum mechanical predictions. The
numerical results were calculated using 10 sidebands below
and above the center-frequency ω. The discrepancy between
the analytical and numerical results is due to the higher-
order sideband contributions that is only accounted for in
the numerical calculations. Here we have used the parame-
ters ωp/2π ≈ 36 GHz, ωd = ωp/2, δEJ = E0

J/4, C = 90 fF,
Z0 ≈ 55 Ω, v ≈ 1.2·108 m/s, and the input-field temperatures
50 mK (solid lines) and zero Kelvin (dashed lines).

Using the higher-order expansion in sideband contri-
butions given in Eq. (9) we can write the photon-flux
density as

nout
ω =

N
∑

n=−N

|cn|2
[

n̄in
|ω+nωd|

+ Θ(−ω − nωd)
]

, (12)

where cn are numerically-obtained coefficients. Each
higher-order sideband gives an additional parabolic con-
tribution, between zero and nωd, to the photon-flux-
density spectrum. This explains the small discrepancy
between the analytical and numerical results in Fig. 2.

The experimental verification of the DCE in this sys-
tem is possible if the quantum contribution to the photon
flux is distinguishable from the classical thermal contri-
bution, for realistic circuit parameters. Figure 2 shows
the photon-flux spectral density with the thermal and
quantum contributions, for a moderate input mode tem-
perature (50 mK) and typical parameters for supercon-
ducting electrical circuits [19]. In this case, the DCE con-
tribution to the photon flux is considerably larger than
the classical contribution, in a wide frequency range be-
tween ∼ ωd/2 and ωd. The power per unit bandwidth in
this frequency range gives an energy comparable to a few
mK, which should be compared with the noise temper-
ature of the typical amplifiers of a few K. Using lock-in
techniques and long detection times, these power levels
are clearly detectable [27]. Plotting the radiation power
per unit bandwidth (in temperature units) at half the
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FIG. 3: (Color online) The effective noise temperature, Teff,
in the output field of the CPW, versus the input-field temper-
ature, T , for purely thermal radiation (red dashed) and for
both thermal and quantum radiation (blue solid), at ωd/2,
half the driving frequency. For low enough temperatures,
the quantum radiation is significantly larger than the thermal
noise level. Here we used the same parameters as in Fig. 2.

drive frequency as a function of the input-field temper-
ature (see Fig. 3) further illustrates how the quantum
radiation dominates over the thermal radiation for suf-
ficiently low temperatures. With these parameters (see
the caption of Fig. 2) the crossover takes place around 70
mK, and the photon production rate N in a ∆ω/2π = 100
MHz bandwidth around ωd/2 is N ∼ 105 photons per
second, see Eq. (10). Alternatively, observing the cor-
relations in individual photon pairs through coincidence
-detection would be a signature of the DCE. However,
photon coincidence measurements are not currently pos-
sible in the microwave regime. Therefore, we are actively
investigating the cross-correlations that may be observ-
able in the amplified voltage and power, which should be
experimentally accessible [28].

We have so far only considered symmetric SQUID
devices. Here we analyze the case where the SQUID
junction capacitances (CJ,1, CJ,2) and Josephson energies
(EJ,1, EJ,2) are slightly asymmetric, i.e., CΣ

J ≫ ∆CJ and
EΣ

J ≫ ∆EJ , where CΣ
J = CJ,1+CJ,2, ∆CJ = CJ,2−CJ,1,

EΣ
J = EJ,1 + EJ,2, and ∆EJ = EJ,2 − EJ,1. Asym-

metric capacitances give rise to a source term of the
form 1

2∆CJ
Φ0

2π
f̈(t) in the boundary condition Eq. (3).

This source term produces a coherent oscillating response
only at the driving frequency (neglecting the sidebands
at zero and 2ωd), which corresponds to a sharp addi-
tional peak around ωd in the photon-flux-density spec-
trum. The broadband feature below ωd is therefore unaf-
fected by small asymmetries in the junction capacitances.
An asymmetry in the Josephson energies gives rise to
a correction to the effective SQUID Josephson energy,
EJ (f), by the factor (1 − 2∆EJ/EΣ

J ). For small asym-
metries ∆EJ ≪ EΣ

J , there will be a negligible reduction
of the photon-flux density.

Finally, we note that it would also be possible to study
the DCE in a tunable cavity geometry [19]. However,
here the task of clearly separating the DCE from the
classical effect of parametric amplification is much more

demanding since the stable states of the system are es-
sentially identical in the classical and quantum cases.

In conclusion, we have studied superconducting copla-
nar waveguides with parametrically modulated boundary
conditions and characterized the spectrum of the photons
that are generated in this process. The system can be
considered as a solid state analogue to quantum optical
setups with moving mirrors, known to generate photons
from vacuum fluctuations [2]. In the present setup, we
show that a weak harmonic modulation of the boundary
condition can result in broadband photon generation, i.e.,
the dynamical Casimir effect, and we estimate that it is
feasible to detect this radiation in realistic experimental
circuits.
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We consider electron transport through a mobile island �i.e., a nanomechanical oscillator� which can accom-
modate one or two excess electrons and show that, in contrast to immobile islands, the Coulomb blockade
peaks, associated with the first and second electrons entering the island, have different functional dependences
on the nano-oscillator parameters when the island coupling to its leads is asymmetric. In particular, the
conductance for the second electron �i.e., when the island is already charged� is greatly enhanced in compari-
son to the conductance of the first electron in the presence of an external electric field. We also analyze the
temperature dependence of the two conduction peaks and show that these exhibit different functional
behaviors.

DOI: 10.1103/PhysRevB.77.035428 PACS number�s�: 73.23.Hk, 85.85.�j

I. INTRODUCTION

Electron transport in nanoelectromechanical systems,
such as suspended nanobeams, cantilevers, and nano-
oscillators, is now attracting considerable attention.1 In
shuttles, electrons can be carried by a single nanoparticle
or single molecule, which oscillates between two leads.
This mechanical motion strongly modifies the lead-shuttle
tunneling matrix elements, affecting the charge transfer.
Theoretical2–4 and experimental5,6 studies of nano-oscillators
clearly demonstrated the influence of mechanical motion on
their electrical properties.

Previously, electron transport through a moving island
was examined in the strong Coulomb-blockade regime, when
the conducting level of the nano-oscillator can only be single
populated, with higher-energy states being energetically in-
accessible. Here, we demonstrate that a charged island be-
haves differently from an uncharged one; correspondingly,
the possible double occupation of the conducting level leads
to a situation where the Coulomb-blockade peaks, associated
with the first and second electrons transferred through the
island, have different dependencies on the nano-oscillator pa-
rameters. Moreover, we show that the double occupation
leads to a conductance enhancement for the second electron
entering the island. To achieve that, we apply a previously
developed approach7,8 which makes it possible to examine
the case of finite on-site Coulomb interaction.

It should be noted that the moving island studied in this
work can be considered as a shuttle because of its actual
function: shuttling. When the island moves closer to the left
lead, increasing that matrix element, it loads an electron.
Then, the island moves closer to the right lead and unloads
the electron. Therefore, this describes the operation of an
electron shuttle. We have opted to use the term “mobile is-
land” for this “electron shuttle” because in the nanomechani-
cal community, oscillators exhibiting an instability are called

shuttles. Still, functionally, the moving island described here
is effectively a shuttle.

Usually, a nano-oscillator is considered to be placed sym-
metrically between the leads. However, recently several
works discussed the situation when there is an asymmetry in
the lead-oscillator coupling produced either by the difference
in the tunnel matrix elements9,10 or by the spatial shift of the
equilibrium oscillator position.11 In the latter case, it was
theoretically proposed that, if the island is closer to one lead
than to the other, the current through the structure depends
exponentially on this spatial shift �with the tunneling length
�� because the overlap integral of the electron wave func-
tions in the island and in the leads, involved in the tunnel
matrix elements, exponentially decreases with distance. In
the model of Ref. 11, this small displacement, shifting the
island close to one of the leads, was produced by the large
magnetic field gradient acting on the spin of the nitrogen or
phosphorus impurity incorporated into their model of a C60
shuttle. Here, we show that such displacement can be
achieved naturally in the island without impurities with an
excess electron in an electric field produced by the source-
drain voltage or an external capacitor �see Fig. 1�. Moreover,
this kind of spatial asymmetry can be associated with the
Jahn-Teller effect: when an orbital state of an ion is degen-
erate for symmetry reasons, the ligands will experience
forces driving the system to a lower-symmetry configuration,
lowering its energy. Consequently, the ligand position be-
tween the two ions is not symmetric and changes with the
electron transfer from one ion to the other. Oscillations of
such ligands, either as oxygen atoms in manganites12 or rare-
earth atoms in filled skutterudites,13 were analyzed jointly
with the Jahn-Teller effect. However, the tunneling length
was assumed to be infinite in Refs. 12 and 13 and the depen-
dence of the tunnel matrix elements on the oscillator position
was not taken into account. Here, we consider these effects
and find a remarkably rich behavior of the conductance of
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nano-oscillators, if the matrix elements have an asymmetry
as in Refs. 9 and 10.

The present paper is organized as follows. Section II in-
troduces the pertinent Hamiltonian including all interactions.
The equations of motion for the electron creation and/or an-
nihilation operators are derived in Sec. III. The equations for
the electron populations and the populations correlator are
derived and solved in Sec. IV. In Sec. V, we obtain explicit
expressions for the lead-to-lead current and discuss the de-
pendence of the conductance on the system parameters. The
conclusions of this work are presented in Sec. VII.

II. FORMULATION

To examine electron transport through a moving island,
we assume that the island has a single spatial state which can
be populated by two electrons having opposing spin projec-
tions, � and �̄, with finite on-site Coulomb interaction �U0

���. It should be noted that here we consider the situation
where the coupling of the nano-oscillator to the leads is
weak, so the Kondo-like correlations are not important. The
Hamiltonian of this system is given by ��=L ,R for left,
right; �=1,2 for spin up, down; and �̄=2,1�

H = �
�

E�a�
†a� + U0a�

†a�a�̄
†a�̄

+ �
k��

Ek��ck��
† ck�� + Hosc + Htun, �1�

where a�
+ �a�� are the creation �annihilation� operators for the

electrons in the island and ck��
+ �ck��� are the creation �anni-

hilation� operators with wave vector k in the � lead. The
tunneling term,

Htun = − �
k��

Tk�w��x�ck��
† a� + H.c., �2�

has tunneling amplitudes depending explicitly on the posi-
tion x of the island as

w��x� = exp� x

��
� ,

with the tunneling lengths �L=−� and �R=� for the left and
right leads, respectively. The Hamiltonian of the nanome-
chanical oscillator also contains the interaction between the
charge stored in the oscillator and an effective electric field E
as

Hosc =
p2

2M
+

M�0
2x2

2
− eEx�

�

N�. �3�

This field E can be produced by the voltage applied to the
leads by the Jahn-Teller effect or even by an independently
controlled electric field, if the structure is placed inside an
external capacitor. Here, N�=a�

+a� is the electron population
operator, and M and �0 are the effective mass and the reso-
nant frequency of the nano-oscillator, respectively.

After the unitary transformation U=exp�−ip��xEN��,
where xE=eE / �M�0

2�, we obtain the usual expression for the
oscillator Hamiltonian, Hosc= p2 /2M +M�0

2x2 /2, and the
modified electron operators,

a�� = U†a�U = e−ipx�a�, �4�

and tunnel matrix elements,

w���x� = w��x + �
��

xEN��� . �5�

Using the properties of Fermi operators �N�
2 =N�, a�N�=a�,

N�a�=0, . . .�, we obtain

w��x + xE�N� + N�̄�	 = w���x� + �w��x + xE� − w��x�	N�

+ �w��x + xE� − w��x�	N�̄

+ �w��x + 2xE� − 2w��x + xE�

+ w��x�	N�N�̄, �6�

and

a�w��x + xE�N� + N�̄�� = a�w��x + xE� + A��w��x + 2xE�

− w��x + xE�	 . �7�

Here, we have introduced the Fermi operator A�=N�̄a�. Ac-
cordingly, the tunneling term has a form

Htun = − �
k��

Tk�ck��
† B�� − H.c., �8�

where B�� is the Fermi operator given by

(a) (b)
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2E eV
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FIG. 1. �Color online� Schematic diagram of electron transport
through �a� uncharged and �b� charged nano-oscillator �electron
charge e is negative�.
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B�� = a��u� + v�N�̄� , �9�

with the first term responsible for the electron tunneling from
the unoccupied island and the second one describing the
electron transfer through the double-populated level. Here,

u� = u�
mn�mn and v� = v�

mn�mn, �10�

where

�mn = 
m��n
 �m,n = 0,1, . . . � �11�

are the eigenstates of the mechanical oscillator Hamiltonian,
and the matrix elements of the tunneling amplitudes are
given by

u�
mn = �m
exp� x

��
�exp�− ipxE�
n� �12�

and

v�
mn = u�

mnexp� x

��
� − 1� . �13�

Equations �12� and �13� can be considered as a generali-
zation of the Frank-Condon factors14 accounting for the
overlap integral of the vibrational states before and after the
transition. It is evident that the Frank-Condon factors are
different for the first and second electrons entering the island
because the center of the oscillations is shifted in the case of
the charged island �see Fig. 1�. It should be emphasized that
by introducing the operators B��, we are able to derive the
equations of motion analytically, without the use of the
Hartree-Fock approximation, assuming only a weak lead-
island tunneling coupling. From a general point of view, the
method presented here is equivalent to the master equation
approach.

III. EQUATIONS OF MOTION

Equations of motion for the island electron operators ob-
tained from the Hamiltonian �Eq. �1�	 are given by

iȧ� = E�a� + U0A� − �
k��

Tk��
* �u��

† + v��
† N�̄�ck��

+ �
k��

Tk��̄ck��̄
† a�a�̄v��̄ + �

k��

Tk��̄
* v��

† a�̄
†a�ck��̄

�14�

and

iȦ� = �E� + U0�a� − �
k��

Tk��
* �u��

† + v��
† �N�̄ck��

+ �
k��

Tk��̄ck��̄
† a�̄a�u��̄ + �

k��

Tk��̄
* �u��̄

† + v��̄
† �a�̄

†a�ck��̄.

�15�

Accordingly, equations for the ensemble averaged island
populations can be written as

d�N��
dt

= − i�
k��

Tk���ck��
† B��� + H.c. �16�

and

d�N�N�̄�

dt
= − i�

k��

Tk���ck��
† A�����u��� + �v����

− i�
k��

Tk��̄�ck��̄
† A��̄���u��̄� + �v��̄�� + H.c.

�17�

The equation of motion for the electron operators in the leads
is given by

iċk�� = Ek��ck�� − Tk��B��. �18�

In the case of weak lead-island tunnel coupling, the solution
of this equation can be represented as

ck���t� = ck��
�0� �t� − Tk��� dt1gk��

r �t,t1�B���t1� , �19�

where ck��
�0� �t� is the unperturbed electron operator and

gk��
r �t , t1� is the retarded Green’s function of the electrons in

the leads given by

gk��
r �t,t1� = − i��ck��

�0� �t�,ck��
�0�†�t1�	†���t − t1� = − ie−iEk���	���	� ,

�20�

where �. . . , . . . 	+ is the anticommutator, 	= t− t1, and ��	� is
the unit step function. It should be emphasized that the non-
Markovian dynamics involved in Eq. �19� allows us to reveal
manifestations of the oscillatory mechanical motion during
the tunneling events.

IV. ELECTRON POPULATIONS AND POPULATIONS
CORRELATOR

A. Free-evolution approximation

To determine electron populations in the island and the
correlator of the populations having different spin projec-
tions, we substitute Eq. �19� into Eqs. �16� and �17�. The
correlators of the type �ck��

�0�+�t�B���t�� can be rewritten using
the formula

�
k��

Tk���ck��
�0�†�t�B���t�� = − �

k��


Tk��
2�
−�

t

dt1�ck��
�0�†�t�ck��

�0� �t1��


��B���t�,B��
† �t1�	†� . �21�

To decouple the correlators for the electron operators in the
island, we use the approximation of their free evolution,
which is valid in the case of weak lead-island tunneling. The
free evolutions of the operators a�, A�, and B�� are given by

a��t� = e−iE�	�a��t1� − �1 − e−iU0	�A��t1�	 , �22�

A��t� = e−i�E�+U0�	A��t1� , �23�

and

B���t� = e−iE�	�a��t1� − A��t1�	u���t�

+ e−i�E�+U0�	A��t1��u�� + v����t� . �24�

Accordingly,

ENHANCING THE CONDUCTANCE OF A TWO-ELECTRON… PHYSICAL REVIEW B 77, 035428 �2008�

035428-3



�B���t�B��
† �t1�� = e−iE�	�u���t�u��

† �t1���1 − N� − N�̄ + N�N�̄�

+ e−i�E�+U0�	��u���t� + v���t�	


�u��
† �t1� + v��

† �t1�	��N�̄ − N�N�̄� , �25�

and

�B��
† �t1�B���t�� = e−iE�	�u��

† �t1�u���t���N� − N�N�̄�

+ e−i�E�+U0�	��u��
† �t1� + v��

† �t1�	


�u���t� + v���t�	��N�N�̄� . �26�

The free-evolution approximation can also be used to calcu-
late the correlators of the mechanical operators. Using
�mn�t�=ei�mn�t−t1��mn�t1�, we obtain

�u���t�u��
† �t1�� = �

mn


u��
mn
2ei�mn	��m� ,

�u��
† �t�u���t1�� = �

mn


u��
mn
2e−i�mn	��n� , �27�

where ��n�= ��nn� is the steady-state distribution of the me-
chanical degrees of freedom and �mn=�m−�n=�0�m−n�.

B. Electron occupations

In the absence of an external magnetic field, the averaged
electron populations, �N1� and �N2�, should be equal: �N1�
= �N2�= �N�. As a result, we obtain the following equations
for the averaged electron occupation �N� and for the correla-
tion function of the populations with opposite spin projec-
tions, �N1N2�,

�1�N1N2� = �2�N�, �3�N� + �4�N1N2� = �0, �28�

having the simple solutions

�N� =
�0�1

�1�3 + �2�4
, �N1N2� =

�0�2

�1�3 + �2�4
. �29�

We introduce the following coefficients:

�0 = �
�

�
mn

�
u�
mn
2��m�F��E0 − �mn� ,

�1 = �
�

�
mn

�
u�
mn
2e2xE/�����n�

+ ��m − �n�F��E0 + U0 − �mn�	 ,

�2 = �
�

�
mn

�
u�
mn
2e2xE/����m�F��E0 + U0 − �mn� ,

�3 = �
�

�
mn

�
u�
mn
2���n� + ��m − �n�F��E0 − �mn�

+ ��m�F��E0 − �mn� − e2xE/����m�F��E0 + U0 − �mn�	 ,

�4 = �
�

�
mn

�
u�
mn
2���n − �m�F��E0 − �mn�

− e2xE/����n − �m�F��E0 + U0 − �mn�

+ �e2xE/�� − 1���n�	 . �30�

Here, F��E� are the electron Fermi distribution functions in
the corresponding lead and �¯� means ensemble averaging.
In the wide-band limit, we can introduce the tunnel rate as

�� = 2��
k


Tk��
2��� − Ek��� . �31�

In this work, we examine the case of a very small source-
drain voltage applied to the system, so the density matrix of
the mechanical oscillator has the equilibrium form �kB=1�,

�m = e−��0m/T�1 − e−��0/T� . �32�

We plot the solutions �Eq. �29�	 as well as the second
cumulant,

KN = �N1N2� − �N�2, �33�

in Fig. 2 as functions of the separation between the energy of
the island level E� and the equilibrium chemical potential �
of the leads. The following set of parameters, associated with
C60, was chosen:5 the charging energy, U0=270 meV, the
fundamental frequency, ��0=5 meV, and the fundamental
uncertainty of the oscillator position,

r0 = ��/2M�0 = 3.8 pm.

The magnetic field is taken to be zero �so E�=E�̄�, T
=77 K, eV=0.5 meV, and �=4 pm. It is evident from Fig. 2
that when the electron energy level on the island becomes
smaller than � �modulo thermal broadening�, the island is
single populated and, when the energy separation between
E� and � is larger than the charging energy, the island is
double populated, as expected. It should be emphasized that
although the ensemble averaged values of both electron
populations are nonzero in the case of single occupation, the
population correlator is zero, meaning that the electron hav-
ing only one of the spin projections can be found in the
specific sample. This Pauli repulsion also manifests itself in
the negative value of the cumulant KN in the single-
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FIG. 2. �Color online� Electron populations �for spin up, �=1,
in red, for spin down, �=2, in dashed black�, populations correlator
�dotted-dashed intermediate purple curve�, and cumulant �green
dotted curve at the bottom� as functions of the energy of the nano-
oscillator electron state.
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occupation regime. It should be also noted that the functional
dependencies of Fig. 2 do not depend on the value of xE and
the asymmetry of the couplings to the left and right leads.

V. ELECTRON CURRENT AND CONDUCTANCE

The current flow of electrons having � projection of the
spin from the � lead can be defined as

I�� = e
d

dt�k

�ck��
† ck��� = ie�

k

Tk���ck��
† B��� + H.c.

�34�

Using the same approximations as in the previous section,
we obtain

I� = e��
mn


u�
mn
2„�1 − F��E0 − �mn�	�N − N1N2���n�

− F��E0 − �mn��1 − 2N0 + N1N2���m�

+ e2xE/����1 − F��E0 + U0 − �mn�	�N1N2���n�

− F��E0 + U0 − �mn��N − N1N2���m��… . �35�

The associated conductance,

G = 2
IL

V
, �36�

is presented in Fig. 3 as a function of �E0−�� and xE using
the same parameters as in Fig. 2 with coupling constants
hL=0.1 meV and hR=0.002 meV and temperatures �a� T
=4 K and �b� T=77 K. The projections of the three-
dimensional plots unto both the “G versus �E�−��” and “G
versus xE” planes are shown in Fig. 3�c�. One can see from
Fig. 3 that the magnitudes of the conductance peaks, associ-
ated with the first and second electrons entering the island,
are only equal to each other for xE=0 �conventional
Coulomb-blockade case�. Moreover, the conductance
through the charged island is drastically enhanced at posi-
tive moderate values of xE. It should be noted that the electric
field-induced shift would not produce a conductance en-
hancement for the immobile island because the exponential
increase of the tunnel matrix element between the island and
one of the leads is compensated by the same exponential
decrease of the tunnel matrix element coupling to the other
lead. However, for the mobile island, these matrix elements
are averaged over the island oscillatory motion and the shift
is not canceled out. This is even more pronounced for the
charged island where the center of the oscillations is already
shifted by the presence of the first electron. Formally, the
account of the oscillatory mechanical motion during the tun-
neling events becomes possible due to the non-Markovian
character of the equation of motion. The dependence of the
conductance peaks on xE has a Gaussian form �coming from
the Frank-Condon factors� with the centers shifted to two
different positive values of xE. With increasing temperature,
the conductance peaks become broader and the shift is in-
creased, as seen in Fig. 3. This shift can be attributed to the
phonon-blockade effect discussed in Refs. 9 and 14. It
should be noted that the bias-voltage independent displace-

ment xE can be created, for example, by nearby charge im-
purities, image charges, device geometry, etc.3

We also examine the temperature dependence of the con-
ductance peak magnitude. For the immobile island, one can
expect either no temperature dependence, in the case of
quantum-mechanical tunneling or thermal-activation depen-
dence, in the case of over-the-barrier hopping transport.
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FIG. 3. �Color online� Conductance of the nano-oscillator as a
function of the state energy �E�−�� and the oscillator shift xE in an
external electric field E, with a tunneling length �=4 pm, hL

=0.1 meV, and hR=0.002 meV for �a� T=4 K and �b� T=77 K.
�c� Left: projections to the “G versus �E�−��” plane. Right: pro-
jections to the “G versus xE” plane. The dashed red �continuous
blue� peak p1 �p2� denotes the conductance peak at E�=� �E�=�
−U0�. When xE=0, p1 and p2 have an equal conductance, corre-
sponding to the usual Coulumb-blockade results.

ENHANCING THE CONDUCTANCE OF A TWO-ELECTRON… PHYSICAL REVIEW B 77, 035428 �2008�

035428-5



However, deviations from such behaviors were observed
both in transport through single molecules15 and in the resis-
tivity of manganites.16 Theoretically, it was shown that either
the mechanical motion of the nanoconductor or coupling to
the quantized thermal modes7,17 can lead to exotic types of
temperature dependence. These can be seen in Fig. 4 for
various values of � at xE=0. It should be noted that the
curves are identical for both peaks in this case. For nonzero
xE, the temperature dependence becomes even more compli-
cated for small �, as can be seen in Figs. 5�a� and 5�b� for the
charged and uncharged shuttles, respectively, because of the
temperature-induced shift of the peak position �see Fig. 3�. It
should be emphasized that the functional dependencies at
small � are very different for the two conduction peaks, with
the peak for the second electron being almost an order of
magnitude larger.

The current I�� through the shuttle is extremely sensitive
to the value of � because it appears in several exponents of
Eq. �35�. It is evident from Fig. 4 that the smaller � is, the
larger the conductance of the system becomes. Therefore, the
quality of the leads plays a more important role in the elec-
trical properties of nano-oscillators than in most standard
electronic devices.

VI. CONCLUSIONS

In conclusion, we have examined electron transport
through a mobile island which can contain one or two elec-
trons. We have derived the equations of motion for the elec-
tron creation and/or annihilation operators and have been
able to evaluate them �without using the Hartree-Fock ap-
proximation� by introducing a complex Fermi operator B��

�Eq. �9�	. Based on this microscopic approach, the equations
for the island populations and the correlator of the popula-
tions have been derived and solved. They are involved in the

expression for the electron current through the structure, also
obtained microscopically. We have shown that in the pres-
ence of an external electric field �produced either by the volt-
age applied to the system, by the Jahn-Teller effect in the
molecular junctions, or by an external capacitor� and an
asymmetry in the coupling of the island to the leads, the
conductance of the second electron entering the charged is-
land is greatly enhanced. The temperature dependence of the
conductance has been also discussed.
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FIG. 4. �Color online� Temperature dependence of the conduc-
tance G�T� for various tunneling lengths � and for an oscillator shift
xE=0. The yellow �shadowed� ellipse is the low-temperature regime
where G�T−1.
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A resonator with eigenfrequency �r can be effectively used as a cooler for another linear oscillator with a
much smaller frequency �m��r. A huge cooling effect, which could be used to cool a mechanical oscillator
below the energy of quantum fluctuations, has been predicted by several authors. However, here we show that
there is a lower limit T� on the achievable temperature, given by T�=Tm�m /�r, that was not considered in
previous work and can be higher than the quantum limit in realistic experimental realizations. We also point out
that the decay rate of the resonator, which previous studies stress should be small, must be larger than the decay
rate of the cooled oscillator for effective cooling.

DOI: 10.1103/PhysRevB.78.035406 PACS number�s�: 85.85.�j, 45.80.�r

I. INTRODUCTION

Recently, a tremendous experimental effort has been de-
voted to the task of cooling mechanical oscillators below the
energy of quantum fluctuations. In spite of many experimen-
tal improvements, the quantum limit has not been
achieved.1–5 Several papers that propose cooling mechanisms
using electromagnetic �radio frequency, microwave or light�
resonators6–9 or other cooling mechanisms10–15 to fulfill this
task have appeared recently. These papers predict an enor-
mous cooling effect. However, they do not explicitly state
that there is a lower limit on the achievable temperature,
associated with the ratio between the frequencies of the cool-
ant and cooled oscillators, which cannot be overcome and
can play an important role for realistic experimental realiza-
tions. Moreover, some formulas that appear in the literature
can give temperatures below this limit, which will be de-
scribed in more detail below. This lower temperature limit
can be important for the most feasible designs using radio
frequency or microwave resonators.

The electromagnetic resonators can be easily imple-
mented on-chip beside a nanomechanical oscillator and kept
at low temperatures. Such structures, also known as micro-
electromechanical systems �MEMS� and nanoelectrome-
chanical systems �NEMS�, have already been realized,16–18

achieving high frequencies in the GHz range ��m
�10 GHz� but with small quality factors Qm�10–500.
Nevertheless, they can be used as sensitive elements for
weak force-displacement detection19,20 and they have been
proposed as possible qubits.21,22 For such systems, the fre-
quency of the basic mode of the NEMS becomes comparable
to the resonance frequency of the electromagnetic resonator
�r. In this case, the temperature limit proportional to �m /�r,
which was negligible for optical-frequency coolers, can de-
termine the lowest achievable temperature T�. The aim of
this work is to call the attention of experimentalists to this
fundamental limit, which could help them design more effec-
tive cooling systems.

II. SEMICLASSICAL APPROACH

For the sake of simplicity, we will consider a RLC tank
circuit �the results can be applied to any electromagnetic
resonator, such as a transmission-line resonator, cavity,
Fabry-Pérot resonator, etc.�. A mechanical oscillator is
coupled to the capacitor such that the capacitance depends
parametrically on the displacement of the oscillator. Such a
system was thoroughly analyzed in Ref. 23, and we only
briefly introduce the equations of motion here. If the me-
chanical oscillator is a part of one of the capacitor electrodes,
the capacitance C�x��C0�1−x /d� depends on the displace-
ment x of the oscillator from the equilibrium position, where
C0=�S /d0 is the capacitance at x=0, and d is the renormal-
ized distance between the electrodes d=d0 /�. Here � is the
coupling constant between the mechanical oscillator and the
RLC circuit, and it can be expressed as the ratio between the
mechanical oscillator capacitance Cm, which depends on the
oscillator displacement, and the total capacitance C0 �we
consider the case Cm�C0�, i.e., �=Cm /C0. If the RLC tank
circuit is pumped by a microwave source Vp=Vp0 cos �pt,
the voltage between the capacitor’s electrodes is V0
=�rVp0 /�r, and the Coulomb energy of the capacitor de-
pends on its capacitance, which in turn, depends on the os-
cillator displacement. Thus, the electromagnetic resonator
and mechanical oscillator �i.e., cantilever� can be described
by a system of differential equations of two coupled damped
linear oscillators:

d2Q

dt2 + �r
dQ

dt
+ �r

2Q�1 −
x�t�
d
� =

Vp�t� + Vf�t�
L

, �1�

d2x

dt2 + �m
dx

dt
+ �m

2 x =
Ff�t�

M
+

Q2�t�
2MC0d

, �2�

where �r,m are damping rates, �r,m are angular frequencies,
Vf is a fluctuating voltage across the capacitor, Ff is a fluc-
tuating force acting on the mechanical oscillator with mass
M, and Q�t�=qp�t�+qf�t� is the total charge on the capacitor.
Equation �2� is nonlinear but can be linearized keeping in
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mind that we are interested to calculate charge fluctuations
qf�t�, which are much smaller than charge oscillations qp�t�
driving by coherent microwave source. It is convenient to
express qf�t� and Vf�t� in terms of quadrature amplitudes

qf�t� = qc�t�cos �pt + qs�t�sin �pt ,

Vf�t� = Vc�t�cos �pt + Vs�t�sin �pt ,

and rewrite Eqs. �1� and �2� in the dimensionless variables

q̃c,s � qc,s/
�C0��r,

x̃ � x/���m/M�m
2 ,

� � �mt ,

�̃m � �m/�m,

�̃r,p � �r,p/�m,

�̃r � �r/2�m,

Ṽc,s � �̃rVc,s
�C0/��r,

F̃f � Ff/
�M�m

2 ��m,

Ṽ0 � �̃rV0
�C0/4M�m�rd

2.

Here Tr and Tm are the temperatures of the electromagnetic
resonator and mechanical oscillator, respectively. Consider-
ing Langevin fluctuating forces caused by quantum
noise,24,25

Vc,s�t� =�L�r
��r

2
coth� ��r

2kBTr
�	c,s�t� ,

Ff�t� =�M�m��m coth� ��m

2kBTm
�	m�t� ,

and using the slowly-varying-amplitude approximation23

Eqs. �1� and �2� read

dq̃

d�
= − Ãq̃��� + F̃��� , �3�

where

Ã =	
�̃r 
̃ 0 0

− 
̃ �̃r 0 − Ṽ0

− Ṽ0 0 �̃m 1

0 0 − 1 0

 , �4�

F̃��� =	
��̃r coth���r/2kBTr�	c���

��̃r coth���r/2kBTr�	s���

��̃m coth���m/2kBTm�	m���
0


 , �5�

q̃��q̃c , q̃s , ṽ , x̃�, ṽ�dx̃ /d�, and 
̃= �̃p− �̃r. Here Tr and Tm
are the base temperatures of the resonator and mechanical
oscillator, respectively. Thus, we have a system of coupled
Langevin equations,24 which allow us to calculate the sta-
tionary covariance matrix defined as ���q̃q̃T�s for �→�.
The diagonal terms of the covariance matrix determine the
mean squared values of the vector components q̃. For ex-
ample, �ṽṽ��ṽ2�s is the normalized mean squared velocity
of the mechanical oscillator. The covariance matrix can be
determined from the system of linear equations

Ã� + �ÃT = B̃ ,

where B̃ is a correlation matrix defined as �F̃i���F̃j�����
= B̃ij��−���. If the fluctuating forces are uncorrelated, i.e.,

�	x���	x������=x,x���−��� �here x ,x� stand for c ,s, or m�, B̃
takes the form of a diagonal matrix with elements

B̃ii =	
�̃r coth���r/2kBTr�

�̃r coth���r/2kBTr�

�̃m coth���m/2kBTm�
0


 . �6�

The mean value of energy of the mechanical oscillator fluc-
tuations is

Em = �ṽṽ��m. �7�

Now, one can easily calculate the effective temperature of
the mechanical oscillator from the definition relation for Tm

�

�ṽṽ =
1

2
coth� ��m

2kBTm
� � . �8�

As we will see later, the most appropriate parameters for

cooling purposes are 
̃=−1, 2�̃m�r� Ṽ0�1. In this limit and
for �r��m, �m��r, the �ṽṽ can be expressed as

�ṽṽ =
1

2
coth� ��r

2kBTr
� +

�̃r�̃m

Ṽ0
2

coth� ��m

2kBTm
� . �9�

Thus, the lowest temperature of the mechanical oscillator is
limited by the first term if the second term is made negligibly
small by sideband cooling. As a matter of fact this term
simply shows that even in our semiclassical approach, we
cannot “cool” the mechanical oscillator below the zero-point
energy, which is consistent with the Heisenberg uncertainty
principle. Indeed, it follows from Eqs. �7� and �8� that the
energy saved in the mechanical oscillator is
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Em =
��m

2
coth� ��r

2kBTr
� . �10�

In this limit, the effective temperature Tm
� of the mechanical

oscillator takes the simple form

Tm
� =

�m

�r
Tr. �11�

The cooling factor Tm
�

/Tm as a function of the normalized

pumping amplitude Ṽ0 is shown in Fig. 1. Even though this
result was derived within semiclassical physics, the same
limit can be obtained using the quantum approach, as we
shall show below.

Here we should emphasize that the temperature of the
resonator Tr is usually much higher than the ambient tem-
perature if the resonator is heavily pumped by the microwave
source. This is caused by the phase noise of the microwave
source, which is directly proportional to the output power.
Microwave sources are characterized by the single sideband
noise spectral density26

L���� = 10 log� SV

Umw
2 � , �12�

where Umw
2 is the mean square voltage of the microwave

source, and SV is the spectral density of the voltage noise.
The effective temperature Tr of the pumped resonator can be
calculated as

Tr = Tr0 +
�r

�r

Umw
2

2kBZr
10L����/10, �13�

where Tr0 is the temperature of the resonator without pump-
ing and Zr=�L /C is the characteristic impedance of the reso-
nator. Now, both terms in Eq. �9� depend on the pumping
power. The first one increases with pumping power while the
second one decreases. Since the highest cooling power is

expected for7 �̃r�1, the effective temperature of the me-
chanical oscillator is higher than

Tm0 �
Umw

2

2kBZr
10L����/10. �14�

Thus, for microwave resonators the first term in Eq. �9� be-
comes important, especially for the cooling of mechanical
oscillators with high resonant frequencies approaching the
GHz range. The minimal temperature Tm0 is directly propor-

tional to the pumping power in the limit Ṽ0�1, which is the
relevant limit in order to determine the lowest achievable
temperature of the mechanical oscillator cooled by sideband
cooling. For present state-of-the-art microwave generators
L�21 MHz�=−160 dBc/Hz�, the effective temperature of
the mechanical oscillator Tm

� as a function of pumping volt-
age is shown in Fig. 2. The parameters were chosen accord-
ing to recently achieved values �see Refs. 27 and 28� as
follows: the base temperature, characteristic impedance, and
angular frequency of the resonator are given by Tr0
=50 mK, Zr=50 �, and �r=2��21 GHz, respectively,
and the angular frequency of the mechanical oscillator �m
=2��21 MHz. The quantum regime of the mechanical os-
cillator can be achieved if the voltage of the microwave
source is below 0.1 mV. However, the cooling of the me-
chanical oscillator by simple coupling to the microwave
resonator requires a higher microwave voltage.7 Therefore,
the coupling should be designed to be as strong as possible in
order to achieve the quantum regime. For example, for a
mechanical oscillator with resonance frequency smaller than
1 MHz, one cannot achieve the quantum limit with realistic
microwave sources if the coupling is small. Namely, the
cooling of a mechanical oscillator with angular frequency
�m�2��300 kHz to the quantum regime, as proposed in
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FIG. 1. The cooling factor Tm
�

/Tm as a function of the normal-

ized pumping amplitude Ṽ0 of the noiseless microwave source for

�̃r=103, �̃m=10−5, �̃r=10−1, and kBTm=kBTr���r,m calculated nu-
merically �circles� and from Eqs. �8� and �9� �solid line�.

FIG. 2. The minimal effective temperature of the mechanical
oscillator as a function of the pumping voltage of the microwave
source with sideband noise spectral density �a� L�21 MHz�
=−160 dBc /Hz, Tr0=50 mK, Zr=50 �, �r=2��21 GHz, �m

=2��21 MHz �solid line� and �b� L�300 kHz�=−150 dBc /Hz,
Tr0=50 mK, Zr=50 �, �r=2��1.5 GHz, �m=2��300 kHz
�dashed line�.
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Ref. 7, would require a voltage Umw�0.5 mV. However,
the best commercially available microwave sources with fre-
quency �1 GHz achieve L�300 kHz�=−150 dBc /Hz only,
and therefore the thermal energy of the mechanical oscillator
would be much higher than its zero-point energy for such a
microwave voltage. Moreover, even for an ideal microwave
source the quantum limit cannot be achieved because of the
lower limit for sideband cooling �dashed line in Fig. 2�. Su-
perconducting qubits,10,12 which have sizes similar to those
of mechanical nano-oscillators, can be a better option than
microwave resonators.

III. QUANTUM APPROACH

In order to achieve the quantum regime of the mechanical
oscillator, the temperature should be lower than the energy of
quantum fluctuations, which, together with Eq. �11�, imply
the inequality

�mTr

�r
� Tm

� �
��m

2kB
.

Thus the microwave resonator should be in the quantum re-
gime as well, and the classical description is no longer valid.
Therefore, we now turn to the analysis of this problem using
the quantum description when the resonator’s frequency is
higher than its temperature and the resonator is in its ground
state with high probability. In this case the cooling limit can
be derived in a transparent manner using a thermodynamic
approach. Another advantage of this approach is that a large
part of the analysis �in particular, the derivation of the lowest
achievable temperature� is also valid for nonlinear coolers,
including the case where the resonator is substituted by a
two-level system �qubit� as suggested in Ref. 10. The ther-
modynamic approach is also valid regardless of the specific
form of the coupling and driving terms in the Hamiltonian,
up to some mild requirements that will be explained below.

The Hamiltonian that we shall use in our analysis is given
by

Ĥ = �rar
†ar + �mam

† am + Ĥcoupling + Ĥdrive, �15�

where ar
† and ar �am

† and am� are, respectively, the creation
and annihilation operators of the resonator �oscillator�. The

term Ĥcoupling represents the oscillator-resonator coupling,

and the term Ĥdrive represents the driving force. We shall
assume that the last two terms in the Hamiltonian are small:

The smallness of Ĥcoupling means that the energy eigenstates
will, to a good approximation, be identified with well-
defined excitation numbers in the oscillator and resonator,

while the smallness of Ĥdrive justifies a description of the
system using time-independent energy levels. In the follow-
ing we start by using thermodynamics arguments to derive
an expression for the lower limit on the achievable tempera-
ture, and we later use a master-equation approach to treat the
specific example discussed in Sec. II.

We first consider the situation depicted in Fig. 3. Each
arrow describes a transition from a state �i , j� to another state
�i� , j��, where the meaning of the quantum numbers is ex-

plained in Fig. 3. We denote the rate at which such a transi-
tion occurs by W�i,j�→�i�,j��. In other words, the probability
current of the transition is given by P�i,j�W�i,j�→�i�,j��, where
P�i,j� is the occupation probability of the state �i , j�. In the
steady state, we can write detailed balance equations for the
occupation probabilities of the different quantum states in the
form

0 =
dP�i,j�

dt
= �W�i+1,j−1�→�i,j�P�i+1,j−1� − W�i,j�→�i+1,j−1�P�i,j��

+ �W�i−1,j+1�→�i,j�P�i−1,j+1� − W�i,j�→�i−1,j+1�P�i,j��

+ �W�i+1,j�→�i,j�P�i+1,j� − W�i,j�→�i+1,j�P�i,j��

+ �W�i−1,j�→�i,j�P�i−1,j� − W�i,j�→�i−1,j�P�i,j�� . �16�

Now we determine some relations among the rates W. Let us
start with the situation when the driving force is switched off
and the resonator is in contact with its surrounding environ-
ment, which is at temperature Tr. Assuming that the environ-
ment induces transitions between states that are different by
one photon in the resonator as described in Fig. 3 and Eq.
�16��, the rates must obey the thermal-equilibrium relation

W�i,j�→�i+1,j�

W�i+1,j�→�i,j�
= exp�−

��r

kBTr
� . �17�

Note that these transitions do not change the state of the
mechanical oscillator, since without the driving force the os-
cillator and resonator are effectively decoupled ��m��r�.
The oscillator is itself in contact with its environment at
temperature Tm, but for optimal cooling we assume that the
insulation is good enough that we can completely neglect
environment-induced transitions, i.e., we have assumed that
W�i,j�→�i,j�1�→0 in Fig. 3 and Eq. �16�. We now assume that
the driving force couples states of the form �i , j� and �i
+1, j−1� but does not drive any other transitions �this as-
sumption must be justified for a given model, as will be done

FIG. 3. Energy-level diagram of a high-frequency resonator and
low-frequency mechanical oscillator with different possible transi-
tions. The first and second quantum numbers represent the number
of excitations in the resonator and mechanical oscillator, respec-
tively. The vertical arrows represent the environment-induced decay
in the resonator, and slanted arrows represent driving-induced tran-
sitions. Decay in the mechanical oscillator is assumed to be negli-
gibly small.
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below for the system of interest�. Since the driving force is a
classical one, the transitions it induces must have equal rates
in both directions, i.e.,

W�i,j�→�i+1,j−1� = W�i+1,j−1�→�i,j�. �18�

The reason why there is no Boltzmann factor in Eq. �18� is
that these transitions are mainly induced by the classical
driving force, and any contributions to their rates from the
thermal environment are negligible.

Using Eqs. �17� and �18�, it is not difficult to verify that
the pairs of terms in Eq. �16� all vanish when

P�i,j� =
1

Z
exp�−

�i + j���r

kBTr
� , �19�

where Z is the partition function. This steady-state probabil-
ity distribution P�i,j� can now be rewritten as

P�i,j� =
1

Zr
exp�−

i��r

kBTr
� �

1

Zm
exp�−

j��r

kBTr
�

=
1

Zr
exp�−

i��r

kBTr
� �

1

Zm
exp�−

j��m

kBTm
� � , �20�

with

Tm
�

Tr
=

�m

�r
. �21�

Here Zr and Zm is partition the function of resonator and
mechanical oscillator, respectively. We therefore find that if
the above picture about the allowed transitions and the rela-
tions governing their rates are valid, we can reach the final
temperature Tm

� given by Eq. �21�.
The above derivation suggests an intuitive picture for the

cooling mechanism. The purpose of the driving force is to
facilitate the transfer of excitations between the resonator
and oscillator. Before the driving starts, the low-frequency
oscillator has many more excitations than the high-frequency
resonator. Once the driving starts, the excitation imbalance
causes excitations to start flowing from the oscillator to the
resonator. As the number of excitations in the resonator goes
above the thermal-equilibrium value, excitations start to dis-
sipate from the resonator to the environment. A steady state
is eventually reached with the resonator in thermal equilib-
rium with the environment and both the resonator and the
oscillator having the same average number of excitations �in
fact, the resonator and the oscillator will have the same
excitation-number probability distribution�. This picture of
the cooling mechanism reveals another point that is generally
not noted in the literature. Although �r is desired to be
smaller than �m in order to avoid heating effects, it should
not be too small, because it provides the mechanism by
which excitations are dissipated from the resonator into the
environment. In particular, it must be larger than �m, such
that the dissipation of excitations is faster than the heating of
the oscillator by its environment.

We now consider what would happen if one were able to
drive the transitions shown in Fig. 4. With optimal param-
eters for cooling, one would obtain the minimum tempera-
ture

Tm
�

Tr
=

�m

2�r
. �22�

Note that this situation would require driving the system at a
frequency 2�r−�m. The argument can be generalized to ob-
tain any value n in the denominator of Eq. �22�, or more
explicitly

Tm
�

Tr
=

�m

n�r
. �23�

The question is whether such transitions can be realistically
driven in a given system with a specific form of resonator-
oscillator coupling and a given type of driving force �it is
worth reiterating at this point that the above considerations
and results do not depend on the particular form of the cou-
pling and the driving force�.

In order to determine the feasibility of realizing condi-
tions where Eq. �23� with n�1 is the relevant lower limit on
the achievable temperature, we now turn from the above gen-
eral arguments to the specific situation considered in Sec. II.
Equations �1� and �2� result from a Hamiltonian of the form

Ĥ = �rar
†ar + �mam

† am + g�ar + ar
†�2�am + am

† �

+ A cos��pt + ���ar + ar
†� , �24�

where g is the oscillator-resonator coupling strength, and A is
the amplitude of the driving force. Starting with a simplified
version of the above Hamiltonian that does not contain the
last two terms, we have an energy-level diagram similar to
the one shown in Figs. 3 and 4 �without the induced-
transition arrows�. The resonator-oscillator coupling term
mixes the different quantum states together in the eigenstates
of the Hamiltonian. This mixing allows the driving term,
which would normally affect only the resonator, to drive
transitions that remove excitations from the oscillator and
add excitations to the resonator, or vice versa. Therefore, in

FIG. 4. Same as in Fig. 3, but with the driving force inducing
different type of transitions. The driven transitions in this case re-
move one excitation from the oscillator state and add two excita-
tions to the resonator state, or vice versa.
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order to determine the transitions that can be driven by the
external force, we need to evaluate matrix elements of the
form ��i,j��ar+ar

†���k,l�, where we now use the eigenstates of
the Hamiltonian �i.e., slightly modified from the case of two
uncoupled oscillators�. To first order in perturbation theory,

��i,j� � �i, j� +
�2i + 1�g

�m
��j�i, j − 1� − �j + 1�i, j + 1��

+
g

2�r − �m
��i�i − 1��j + 1��i − 2, j + 1�

− ��i + 1��i + 2�j�i + 2, j − 1�� . �25�

Using the above approximation, we find that

��i,j�ar + ar
†��i+1,j−1� � −

2g��i + 1�j

�m
. �26�

It is straightforward to see from Eq. �24� that

��i,j�ar + ar
†��i+2,j−1� = 0.

Using numerical calculations we find that

��i,j�ar + ar
†��i+3,j−1� � −

12g3��i + 1��i + 2��i + 3�j

�2�r − �m�3 .

�27�

The above results imply that the driving term can be used
to drive transitions of the form �i , j�↔ �i+1, j−1�, which can
be used to remove excitations from the oscillator and add
them to the resonator. These transitions correspond to the
picture shown in Fig. 3, and their resonance frequency is
given by �p=�r−�m. The steady-state effective temperature
for the oscillator is given by Eq. �21� when driving these
transitions, assuming that heating effects are avoided. By
driving the system at the frequency �p=3�r−�m, one could
in principle drive the transitions �i , j�↔ �i+3, j−1� and reach
a lower minimum temperature. However, the fact that the
corresponding matrix element is proportional to the third
power of the small coupling strength g suggests that this
matrix element will be extremely small for any realistic pa-
rameters, hindering the possibility of utilizing this cooling
mechanism.

We now turn to the heating effects that have been ne-
glected above. We note that the driving term in Eq. �24� can
also drive transitions of the form �i , j�↔ �i+1, j+1�, and the
relevant matrix element is given by

��i,j�ar + ar
†��i+1,j+1� �

2g��i + 1��j + 1�
�m

. �28�

These undesired transitions are induced if either the driving
amplitude A or the resonator’s damping rate �r is compa-
rable to or larger than �m. If either one or both of the above
conditions are satisfied, the driving force must be considered
within the resonance region of the above transition. As a
result, additional excitations would be steadily pumped into
the system, resulting in a higher temperature than what
would be obtained from the simple picture of transition rates
that we have presented above �note that this heating

is a consequence of the nonlinearity in the system
Hamiltonian�.29 The ideal parameters for cooling are there-
fore given by �p=�r−�m, A� ��r−�p�, and �r� ��r−�p�;
naturally �m is desired to be much smaller than the smallest
of three parameters that determine the cooling power: �r,
Ag /�m, and �Ag�2 / ��r�m

2 �. This condition on �m ensures that
the oscillator heating from its contact with the environment
is slower than the cooling it experiences as a result of the
driving. Using a numerical simulation, we shall see shortly
that the above heating effects can be made negligible with
the proper choice of parameters. We should also mention
here that in this section we have not considered the noise in
the driving force, i.e., we have assumed an ideal microwave
source. Such noise would directly heat the resonator, result-
ing in a higher base temperature, as discussed in Sec. II. It is
also important to note that the linearity of the resonator, i.e.,
the cooler, helps reduce its direct heating by the driving
force. If one uses a nonlinear system, e.g., a Cooper-pair box,
this direct heating mechanism �even if an ideal microwave
signal is used� could be the most dominant heating
mechanism.29,30

In order to give a concrete example that illustrates the
cooling dynamics, we now turn to a master-equation ap-
proach. The density matrix � of the system evolves in time
according to the master equation

d�

dt
= −

i

�
Ĥ,�� + �1 + N̄r��r�ar�ar

† −
1

2
ar

†ar� −
1

2
�ar

†ar�
+ N̄r�r�ar

†�ar −
1

2
arar

†� −
1

2
�arar

†�
+ �1 + N̄m��m�am�am

† −
1

2
am

† am� −
1

2
�am

† am�
+ N̄m�m�am

† �am −
1

2
amam

† � −
1

2
�amam

† � , �29�

where

N̄r =
1

e��r/kBT − 1
�30�

and similarly for N̄m. The coefficients �r and �m are decay
rates for the resonator and oscillator, respectively.

An example illustrating the dynamics of cooling the me-
chanical oscillator by the microwave resonator is shown in
Fig. 5. The results were obtained by numerically solving Eq.
�29� using the Hamiltonian in Eq. �24�. The effective tem-
peratures of the oscillator and resonator are obtained by cal-
culating their respective entropies from their reduced density
matrices �S=−Trace�� log ��� and fitting these values to the
temperature-entropy relation for a harmonic oscillator. The
initial heating of the resonator is a result of the transfer of
excitations from the oscillator to the resonator. For large t,
the system reaches a steady state where the ratio between the
effective temperatures of the oscillator and the resonator is
approximately equal to �m /�r.
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IV. CONCLUSIONS

We have shown that both the classical and the quantum
treatment give the same final result: the cooling factor Tm

�
/Tr

is limited by the ratio �m /�r. This lower limit for the cooling
becomes crucial for radio frequency and microwave resona-
tors pumped by a real �noisy� microwave source since their
effective temperature Tr is usually much larger than the am-
bient temperature. We should also emphasize that our results
apply, with minor modifications, to other types of coolers,
e.g., a Cooper-pair box.

Note added in proof. Recently some related manuscripts
appeared on the e-print archive.31–34
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