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Part I. Bell inequality violations with 
nanomechanical resonators 

● Objectives with this work

● Review of Bell inequalities

● Device and model

● Bell inequality for binned quadrature measurements

● Steady state and transient violation of the Bell inequality

● Conditions for obtaining a violation of the Bell inequality with the 
mechanical system under consideration

● Conclusions



  

Objectives

Assuming the resonator can be cooled down its quantum ground state, we are 
interested in:

– generating and detecting nonclassical states

Several possible methods:

– Coupling to a qubit, or other nonlinear system, coupling to auxiliary 
optical cavities, applying nonlinear potential, using intrinsic 
nonlinearities, nonlinear dissipation/engineered environments, ...

Can produce different types of nonclassical states:

– Subpoissionian, quadrature squeezed, superposition states, two-mode 
squeezed states, entangled states, etc.

Can be demonstrated and quantified with: 

– Negative Wigner functions, variances below the vacuum level, 
entanglement witnesses and measures, such as negativity, entanglement 
entropy, Bell inequalities.



  

Conceptual device

I. Mahboob et al,  PRL 110, 127202 (2013)



  

General Hamiltonian

● Second order coupling terms eliminated by choice of basis

● Third order nonlinearity can occur in asymmetric resonators

● Higher order nonlinearities can also occur, for example in
resonators under strain (fourth terms)

See e.g. Khan et al., Phys. Rev. B 87, 235406 (2013)



  

Choice of modes

Among the very large number of modes in the resonator, we choose to work with three modes 
that:

● Satisfy the mode matching condition:

● With decay rates

● As large three-mode coupling as possible: 



  

Parametric oscillator regime

Under the rotating wave approximation, the three selected 
modes are described by the Hamiltonian:



  

Parametric oscillator regime

We drive the pump mode with frequency        and move to the 
rotating frame in which the driving term is time-independent:



  

Master equation for the three-mode parametric 
oscillator model

We model the dynamics of the three coupled modes with a 
standard Lindblad master equation, where each mode has 
single-photon relaxation and thermal excitation:



  

Adiabatic elimination of the pump mode

Assuming that the dissipation rate of the pump mode 
dominates over the coherent dynamics

we can adiabatically eliminate the pump mode and obtain an 
effective two-mode model, which includes a correlated 
two-photon dissipation term: 



  

Effective two-mode model

Hamiltonian and master equation for the effective two-mode model: 



  

Steadystate for ideal case

We cannot solve the dynamics or the steadystate analytically 
for the full model, but for the case        

we have the steady state



  

Steady state for ideal case
(no single-photon dissipation)

The steady state for this effective 
two-mode model is

● Symmetric with respect to the two 
modes

● Each mode individually has a positive 
Wigner function

● But there are strong inter-mode 
quadrature correlations

We can therefore expect that the two 
modes are entangled, and may violate a 
continuous-variable Bell inequality for 
quadrature measurements for the two 
modes.



  

Transient dynamics (from ground state)

When starting in the ground state, turning on 
the pump field drives the system such that 

● the photon number increase 
● single-mode quadrature variances 

increase
● one of the quadrature difference variances 

decrease below the vacuum fluctuation 
level

● Entanglement is formed between the two 
modes (non-zero logarithmic negativity)



  

Review of the CHSH Bell inequality

source

CHSH = Clauser-Horne-Shimony-Holt
PRL 23, 880 (1969)



  

Bell inequality for quadrature measurements

● The Bell inequality was originally developed for bipartite 
measurements, but in harmonic systems we have continuous 
and unbound measurement outcomes.

● However, we can turn a continuous measurement outcome 
to a discrete one by binning the results:

Gilchrist et al, PRL 1998, Munro PRA 1999. See also Wegner et al., PRA 2003



  

Quadrature binning I

Gilchrist et al, PRL 1998, Munro PRA 1999. See also Wegner et al., PRA 2003



  

Quadrature binning II

Gilchrist et al, PRL 1998, Munro PRA 1999. See also Wegner et al., PRA 2003



  

Bell inequality for quadrature measurements

● The CHSH Bell inequality for the case of binned quadrature 
measurements:

Gilchrist et al, PRL 1998, Munro PRA 1999. See also Wegner et al., PRA 2003



  

Optimal Bell violations with quadrature binning 
with the NEMS model

In the ideal case without single photon dissipation processes

we obtain, in the steady state, the following equations for the optimal Bell 
violation 

Munro PRA 1999



  

Optimal Bell violations with quadrature binning 
with the NEMS model

In the ideal case without single photon dissipation processes

we obtain, in the steady state, the following equations for the optimal Bell 
violation

This equations cannot be solved analytically, but numerical we obtain the 
solution:

From which we obtain the optimal driving strength to maximize the 
violation, given a fixed mode interaction strength:  



  

Effect of single photon dissipation

In the presence of single 
photon dissipation:

 
There is no violation of the 
Bell inequality in the steady 
state, but there is a region of 
violation during the 
transient dynamics from the 
ground state to the 
non-violating steady state.



  

Regions of Bell inequality violations



  

Conditions for Bell inequality violation

In order to violate the Bell inequality with binned quadrature 
measurement and the model under consideration,we require:

●

●

● sufficiently fast and efficient quadrature measurements.



  

Temperature dependence

Very good ground state cooling is required for observing the Bell inequality 
violations in this nanomechanical system.

N = average number of thermal photons when driving is applied



  

Part I: Conclusions

● We investigated generating nonclassical state and violating 
the Bell inequality for binned quadrature measurements with 
a nanomechanical resonator.

● We show that there is a regime in parameter space that 
should allow Bell inequality violations with a mechanical 
resonator.

● We identify ideal conditions for producing such violations.



  

Part II. Optomechanical-like coupling between 
superconducting resonators

● Brief introduction to optomechanics

● Device and model for the proposed superconducting circuit 
implementation of an analog optomechanical system

● Effective Hamiltonian on optomechanical form

● Estimates of acheivable coupling strengths

● Possible implementations of arrays of coupled resonators

● Conclusions



  

Optomechanics



  

Regimes of optomechanics

Weak coupling:

● A single-phonon coherent state in the mechanical resonator only produces a frequency shift for 
the optical mode that is smaller than its linewidth.

● A single-photon state in the optical mode does not shift the mechanical resonator by an amount 
that exceed its groundstate uncertainty.

● Single photon/phonon states have no significant impact: In this case we need to boost the 
coupling strength by driving the optical mode, which results in a strong but linearized coupling:

LinearIncreased by √n

Beam-splitter Hamiltonian.Parametric amplifier Hamiltonian.



  

Regimes of optomechanics

Strong coupling:

Single photon/phonon states have significant impact on the other resonator.

Potential applications of this regime:

● Photon blockade effects (Rabl, PRL 2011)
● Multiple cooling resonances (Nunnenkamp PRA 2012)
● Generation of nonclassical states (Bose PRA 1997)

This regime is difficult to reach in traditional optomechanical setups...

Kerr nonlinearity: effective
photon-photon interaction



  

Schematic illustration of the device

Resonator B is coupled to resonator A through a SQUID
that terminates resonator A:



  

Circuit diagram for the coupler

As generalized coordinate in the circuit description we use the magnetic node fluxes:

voltage



  

Circuit Lagrangian

Equations
of motion for
the circuit

Boundary
conditions
and effective
Hamiltonian



  

Continuum limit / boundary conditions

● In the continuum limit the fields in the resonators satisfies the 
Klien-Gordon wave equation

● The quantum description of the field (in each resonator) is:

● The boundary conditions (BC) obtained form the circuit model are:

Resonator A:

Resonator B:
From the SQUID



  

SQUID BC: effective length

● If the plasma frequency of the SQUID is large (ground state approximation: 
the SQUID is not excited), then we can write its boundary condition in a 
simplified form as:

Boundary condition of a “perfect mirror” at a flux-tunable “position”



  

SQUID flux bias: effective length

● The flux field through the SQUID is partly due to an external bias field, and 
partly due to the field of resonator B:

● Expanding the Josephson energy of the SQUID, and the corresponding 
effective length, results in:

small

Static biasing of the SQUID Coupling between effective length of
resonator A and the field of resonator B



  

Adiabatic modes

● Resonator A: λ/4 resonator

● Resonator B: λ/2 resonator
Flux dependence



  

Effective Hamiltonian (I)

In terms of the adiabatic modes, the Hamiltonian for the two resonators is:



  

Effective Hamiltonian (II)

Quadrature of resonator B

Multimode optomechanical Hamiltonian



  

Effective Hamiltonian: single mode

Let's consider only the fundamental modes in each resonator:

“Optomechanical” coupling strength

Only depends on the SQUID flux biasing.
This factor in the coupling strength is
tunable through the external flux bias.

Geometric factor that depends on the
detailed circuit implementation



  

Coupling strength: SQUID bias factor

Inaccesible
regime

Accesible regime



  

Two possible coupling geometries

Inductive coupling:

Galvanic coupling:

The galvanic coupling gives larger coupling strength



  

Estimated coupling strength

~ Accesible regime

~ Accesible regime



  

Arrays of “optomechanically” coupled 
superconducting resonators

One possible application of analog optomechanical devices could be implementations of arrays of 
“optomechanically” coupled resonators, which has applications as quantum simulators.

Using all-electrical superconducting resonator implementation could have advantages in terms of 
designability and in-situ controllability.

 



  

Part II: Conclusions

● We proposed a superconducting circuit that implements an 
optomechanical-like coupling between superconducting 
resonators

● We estimated the coupling strengths that should be 
obtainable with the proposed circuit

– The proposed system is a promising candidate for realizing the 
single-photon strong coupling regime

● Briefly discussed possible applications of analog 
optomechanical systems as a platform for implementing 
arrays of OM systems for quantum simulation.  
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